Chapter 2. Review of basic Statistical methods
1 Distribution, conditional distribution and moments

We consider two kinds of random variables: discrete and continuous random variables.

e For discrete random variable X, the possible values of X is finite or countable infinite x1, 2, . . . ,xp,
X will have a probability function
p(z;) = P(X = x;)

with the properties
p(xz;) >0

ZP(%‘) =1

e For continuous random variable X, there is a non-negative function f(z) called density function with
the property, for any real number a and b

Pla<X <b)= /bf(a;)da:

e The moments of a random variable X include the expectation E(X), variance Var(X) = E[X — E(X)]?
etc., where

E(X)= Z x;p(x;) for discrete r.v.X

i=1

b
E(X)= / xf(z)dx for continuous r.v.X

Var(X) = Z[xz — E(X))?p(z;) for discrete X

i=1
b
Var(X) = / [z — E(X)]*f(x)dx for continuous X
e For more than one random variables, the probability function for discrete random variable and density
functions are defined in the similar way.

e For two discrete random variables (X, Y'), suppose that the possible values for X are z1,22, . . . |
and the possible values for Y are y1,y2, . . . The conditional probability function

pla]Y =y) = P(XPTYJ: i:;): )

For two continuous random variables (X, Y), let f(z,y) is the join density of (X, Y'), the conditional

density of X given Y =y is
f(z,y)

()’
where fy (y) = ffooo f(z,y)dzx is the marginal density of X.

f(zly) =

e The conditional moments such as expectation of X and variance of X given Y = y is similar to the
formula given above, but replace the probability or density by conditional probability or conditional
density given Y = y.

1.1 Some special distribution



1. Binomial distribution: B(n,p)

If a random variable X with possible values 0, 1, 2, . . . , n and the probability function

P(X =k)=Chp"(1—p)"F,

we say that X has a binomial distribution denoted by X ~ B(n,p) and
E(X) =np; Var(X) = np(1 — p).

e BACKGROUND: If a experiment only have two outcomes “success” and “failure”, let p = P(success),
and we do the experiment n times independently. Let X denote the number of success among the
n experiments, then X ~ B(n, p).

e ExAMPLE: Consider a biallelic marker with codominant alleles A and a, and n individuals. Let p
denote the frequency of allele A. Let X denote the number of allele A among the n individuals,
then X = B(2n,p).

2. Multinomial distribution (generalization of Binomial distribution)

e The experiment have m possible outcomes. Let p = (p1, ..., pm) with p; being the probability of
m

ith outcome (Z i = 1). We do the experiment n times independently. Let X, denote the
i

number of ith outcomes among the n experiments and X = (X1,..., X;,),then we say X has a
multinomial distribution denoted by

Let N = (nq,...,ny,) with Z”:l n; = n,then

P(X =N)=P(X; =n1,.... Xpn = nm)

n! " n
= 7n1!"'n7n!pl P,
and
E(X;) = npi; Var(X;) = npi(1 = pi).
Note: Ms(n,p) = B(n,p1)

e Example: Consider a marker with m codominant alleles A1,..., A,, and n individuals. Let p;
denote the frequency of allele A;. Let X; denote the number of allele A; among the n individuals,
then

X =(X1,..., Xin) ~ M,,,(2n,p),

where p = (p1, ..., pm)- So, E(X;) = 2np;.

3. Some continuous random variables: such as Normal, x?,Gamma etc.

2 Likelihood, Maximum Likelihood Estimator and EM Algorithm

1. Likelihood



When we have collected data, the probability
P(data|parameters)

is called likelihood. The statistical inference is usually based on the likelihood. Mathematically, the data set
we collected is also called sample denoted by X7, X5, ..., X,,. In most of the cases, the sampled individuals
are iid (independent identical distributed) and have the same distribution with a random variable X called
population. If the sampled individuals are independent, the likelihood will be

L(0) = P(X1, ..., X,|0) = ﬁ P(X;]0)

i=1

= Hp(Xi|0) for discrete r.v
i=1

= H f(X;]0) for continuous r.v

1=1

2. The maximum estimator @(Xl, Xo, ..., X,,) of parameter 6 is the maximizer of the likelihood function

L(0) = max L(6)

e Example: Consider a marker with three codominant alleles A, B,C'. We sample n individuals and
get the data

1. ® NAA,MBBE,NCC,NAB, N Ac and npc the number of individuals with Genotype AA, BB, CC, AB, AC and BC,
respectively.
Let pa,pp and pco denote the population frequencies of alleles A, B and Crespectively. Find the
MLE of p4, pp and pc.Solution: Note the multinomial distribution of na4,ngB, ncc,nap,nac and ngc,
we can get the likelihood function of the data up to a constant, denoting 6 = (pa, ps,pc),

L(0) = (p2)"** (pB)"2" (p&)"°C (2papB)"*® (20 APC) ™ (2pBPC) "7 .
The log-likelihood is

logL(0) = 2naalogpa+2npplogps + 2ncclogpe +nap(logpa +logpp)
+nac(logpa +logpc) + nBC(log pB + log pC)

(2naa +nap +nac)logpa + 2npp +nap + npce)logps + (2nec + nac + npe) log pe

So, the MLE of p4,pp and pc are given by

2naa +naB +nac
pA =

2n
2ngp +mnaB +npc
bB =
2n
. 2noc +mnac +npe
paA =
2n

e If the marker in last example is ABO locus, there will be some difficulties to estimate the para-
meters. For n sampled individuals, the data are na,ng,nap and no for phenotype A, B, AB and
O. How to get the MLE of allele frequencies of alleles A, B and O at this case? The data we get
is not complete as given in last example. The complete data should be naa,npp,n0O, NAB, N AO
and npo. In this case we can use EM algorithm.



3. EM algorithm

e Let X denote the unobserved complete data (naa,nBg, noo,naB,nao and npo in the example).
Let Y denote the observed incomplete data(na,np,nap and np). Some function t¢(X) = Y
collapses X onto Y. The general idea is to choose X so that the maximum likelihood become
trivial for the complete data.

The complete data are assume to have a probability density (or likelihood) f(X|0) that is a
function of 8 as well as X. The EM-algorithm have two steps:

(a) E-step: we calculate the conditional expectation
G(010) = E(log f(X[0)[Y,0m)

where 6,,, is the current estimated value of 6.

(b) M-step: we maximize

G(010:m)

with respect to 6. This yield a new estimator of § denoted by 6,,11.
We repeat the two steps until convergence occur. The convergence can be 6, or the likelihood
of the observed data f(Y]6).

Consider the allele frequencies of alleles A, B and O at ABO locus.
The log-likelihood of the complete data

log f(X|0) = (2naa + nap + nac)logpa + 2npp + nap + npce)logps + (2nce + nac + npce) log pe

1. e E-step: 0 = (61,02,05) = (pa,pB,PO)
G(010m) = (2E(naalY,0m) + E(naglY,0n) + E(naolY,0m))logpa

+(2E(npBlY,0m) + E(naglY,0m) + E(npolY, 0m,))logpe
+(2E(noolY,0m) + E(naolY,0m) + E(npolY, 0,,)) log pc.

We know that E(noolY,0.) = noo, E(napl|Y,0,) = nap. The conditional expectations we
needed to calculate are E(naalY,0m), E(naolY,0m), E(npplY,0m) and E(npolY,0n). Intu-
itively, within Blood type A (n4 individuals the genotype may be A/A and A/O), the proportion
of the individuals with genotype A/A is

paa P?nA

paa+pao  P2a + 2PmAPmO

So, the expected number of individuals with genotype A/A is

2
na Dma
p12nA + 2pmAme

Mathematically, to calculate E(naalY,0,,), we need to know the conditional distribution of 1.4 4
given Y | that is, given ng = naa +nao. Given ng,n44 can be considered as a random variable
with a binomial distribution B(n 4, p*) where p* is the probability of an individual with genotype
AA given this individual having blood type A. So,

p* = P(AA|blood type A)



_ P(AA)
~ P(AA) + P(A0)
_ Pina

pan + 2pmAme

It follows that

2
p A
E(naalY,0,,) = E(naalna) =nap* =ngy . .
( | ’ m) ( | ) pan—i_meAme

Similar to the argument above, we can calculate
E(TZAO|K Hm), E(nBB|Y, Qm) and E(TLBo|Y, Hm)

e M-step: with complete data X, we know that the MLE of the parameters are
. 2EnaalY,0,,) + E(naplY,0,,) + E(naolY, 0,,)
A =

2n
N 2E(nBB|Y, em) + E(TLAB|Y, Qm) + E(TZB()|Y, gm)
pPB = om
P 2E(’n00|Y, Gm) —I-E(nBo|Y, Gm) +E(77,A0‘Y, Qm)
O =
2n

3 Parametric Test Statistics

1. General set of Hypothesis Testing
Suppose the sample Y = (Y71, ...Y},)’ has joint density (or probability) function f(y|f) where
0 € Q C R? (here means that § = (01, ...,04)" is a d dimensional vector). Given Qo C Q
(strictly), it is desired to test Hy : 6 € Qg versus Hy : 0 € Q — Q.

e The general procedure of testing problem
(a) Given a test statistics T(Y) which has no relation with parameters 6
(b) decide the rejection region, for example, T(Y) > C
(c) For a given significant value «, calculate the value of C or calculate the p-value of
the test

p-value = P(T(Y) > T(y))
where y is the observed value of sample Y. This step need to know the distribution
of T(Y).
e In summary, a testing problem need to know (1) test statistics (2) the form of rejection
region and (3) the distribution of the test statistic.
2. Three methods to construct the test

(a) Likelihood ratio (Neyman and Pearson 1928). Let fq and fq, are the MLE of the parameter
under © and o, respectively, and let L(#) denote the likelihood function of the sample Y. The
likelihood ratio test statistic is

Gz(Y) = —210g(L(090) — L(QQ))

As n — o0, G? approximately has a x? distribution with degrees of freedom d — s where d and s
are the dimensions of 2 and 2, respectively. For a given significant value «, the likelihood ratio
test rejects Hy if and only if G? > Xi,dfs' The p-value of the test is P(Xi)dis > G%(y)).



(b) Score test (Rao 1947)
The ith score of Y is S;(0) = 810gdiele((Q))for i =1,...d. The vector S(0) = (51(0), ..., Sa(0)) satisfies
S(0q) = 0. This observation suggests rejecting Hy when S(6gq,) is far from the origin. The score
test statistic is
X2(Y) = (S(00,)) T (00,) (S (00,))-

Here, I(0) is the d x d information matrix with (4, j)th element

9? log L(0)

(10 = ~Bol =50

]

As n — oo, X? approximately has a x? distribution with degrees of freedom d — s. For a given
significant value «, the score test rejects Hy if and only if X2 > Xi, 4—s- The p-value of the test
is P(x2, 45 > X?(y)).

(c) Wald (1943) test: Wald test is to design for testing the null hypothesis Qp = {w € Q: hy1(0) =
0,....,h(0) = 0} such as 61 + 03 = 0, 02 + 04 = 0. Let h(8) = (h1(8),...,h-(0)). The idea of
the test is to reject Hy : h(#) = 0 when the vector h(fq) is far from the null value of zero. The
Wald test statistic is W = (h(0q))'[(Vh(00)) I~ (00)Vh(0a)]~h(0q) where Vh(0g) is the d x 7
matrix with (¢, j)th element (Vh(0q)):; = %J'.This test statistic also approximately has a x>
distribution with degree freedom r (note s =d —r,r =d — s)

Example 1 Let Y = M,,(n,p) with unknown parameter p belonging to the m — 1 dimensional simplex
d
Q= {(p1,..,pd) : Pi > O,Z, i = 1}. The null hypothesis is Hy : p = p° i.e. Qo = {p°}. Construct
i=
likelihood ratio test, score test, and Wald test.

Example 2 Using the test you constructed to test the following problem: We have sampled 100 indi-
viduals. Each individual has genotype at a marker with three codominant alleles A1, As,and A3. Among
the 100 individuals, we observed 60 allele A1, 80 allele A5 and 60 allele Az. Let pq, p12,and p3 are the allele
frequencies of A1, Ay,and Aj, respectively. Test the null hypothesis Hy : py = p2 = p3 = 1/3.

e Likelihood ratio test:

1. (a) log-Likelihood function up to a constant
log L(p) = Y _ Yilogp;
i=1

The MLE of under Q is p; = %, i =1,...,m. The MLE under Qg is p = p". So, the likelihood ratio
test statistic
G*(Y) = —2(log L(p") — log L(p))

=2 (Yilogp{ — Y;(log ¥; —logn))

=1
m Y
=23 Yilog —
2 VilE s

which has an asymptotic distribution x2, ;. For the specific test problem, m = 3,n = 200,Y; =
60, Yo = 80, and Y3 = 60. So, G*(Y) = 2(60 1og(1—90) + 8010g(§) + 60 log(%)) = 3.88.

p-value = P(x2 > 3.88) = 0.1433.



e Score test: The log-likelihood is

1. (a)
m—1
log L(p) = Y _ Yilogpi + Yy log(1 —p1 — ... — pm_1).
i=1
So,
dlog L Y, Y
S;(p) e L(p) _ - —21<i<m—-1
’ apj Dj m
and

Calculation gives

—Ep(

OprOp;

and thus the information matrix is

1 1 1
I(p) = n|diag(—, ..., +—1, 41
( ) [ (pl pm—l) Pm ! !

where 1,1 = (1,1,...1)) a m — 1 dimensional vector with elements 1. The MLE under H is ¥ =

(P9, ...,p%, 1), the inverse is

_ 1, ..
") = ~ldiag(pl, ..., ph—1) = 2" (0")']

The score test statistic

X? = 5(p0) '(P°)S(°)
e

Pm
[d%ag(pl,- ,pﬂ;fl) — (Y, s Do) (Y5 s DD 1)']
rn’ e p::i _ %)/

m
— § : [Yi np,
- XT)'L 1

which is standard Pearson’s Chi-square test

X2 :i Y; - BY;]?

For the specific test problem:

[60 — 200/3]2  [80 — 200/3]2  [60 — 200/3]2
200/3 200/3 200/3

X? =

p-value = P(x3 > 4) = 0.135.



e Wald test: Let h;(p) = p; —pV,i = 1,...,m— 1. we can construct the Wald test (similar to the argument
above)

" (¥ - npl)?
W= Z % ~ X1
i=1 ¢
For the specific problem,
[60 —200/3)>  [80 —200/3]%>  [60 —200/3)?
W = =37
60 + 80 + 60

p-value = P(x3 > 3.7) = 0.157.



