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1 Introduction
I will now consider the unconstrained minimization problem

nin f(z),
where f : R® — R is a smooth function (at least differentiable). I begin with the following funda-
mental definitions:

Definition 1.1 Suppose f : R® — R is given. Then z* € R"™ is a local minimizer of f if there
exists 0 > 0 such that
lz—2*| <6 = f(2¥) < [f(2)

The point x* is a strict local minimizer if
O<|lz—2z*|<d = flz*) < f(x).

Thus z* is a local minimizer of f if locally (that is, in a neighborhood of z*), f does not attain a
smaller value.

Definition 1.2 Suppose f : R® — R is given. Then x* € R™ is a global minimizer of f if
fx*) < f(x) for all x € R".

A global minimizer yields the absolute minimum of f.

In most cases, given an minimization problem, it is desirable to find the global minimizer.
However, this is a very challenging goal, and for many problems, it is beyond the reach of efficient
algorithms. For this reason, in numerical optimization, the goal is typically to find a local minimizer.
(Indeed, global optimization is really a separate research area from numerical optimization.) I will
discuss below problems which have only global minima, that is, problems in which every local
minimizer is in fact a global minimizer.

One point of terminology is potentially confusing. In spite of the fact that the goal of numerical
optimization algorithms is to find local optima, the phrase “global convergence” is often used.
This phrase does not indicate convergence to a global optimum, but rather convergence to a local
optimum from any starting point (not necessarily a point close to the solution). As I will explain
soon, algorithms that exhibit local convergence (that is, convergence to a solution given a good
starting point) must usually be modified if global convergence (that is, convergence from a possibly
poor starting point) is to be obtained.

The definition of local minimizer is of little direct use in recognizing a solution. The reader
will recall that algorithms for nonlinear problems are usually iterative, and require a starting point
2(® (an initial estimate of the solution). Certainly it seems reasonable that if this starting point
is actually the solution, the algorithm should be recognize that fact and not try to improve upon
z(©. However, the definition of local minimizer requires that f(z(®)) be compared with f(z) for
every point z in a neighborhood of 2(?). Since a neighborhood contains infinitely many points, this
is clearly impossible.!

11f f depends on one or even two variables, then the graph of f could be plotted and local minimima could be
identified, assuming one knew the region of the domain to examine. However, this strategy is of no use for functions
of more than two variables.



Because local minima cannot be identified from the definition, optimality conditions are abso-
lutely essential in numerical optimization. Optimality conditions come in two varieties. A necessary
condition must be satisfied by any solution, but it does not guarantee that a point satisfying it is
a solution (that is, a necessary condition can be satisfied by a nonsolution). If a point satisfies a
sufficient condition, on the other hand, it is guaranteed to be a solution.

2 The first-order necessary condition

When discussing local approximations to nonlinear functions, I mentioned in passing the most
fundamental optimality condition for unconstrained minimization (V f(z*) = 0). This condition is
easily proved.

Theorem 2.1 Suppose f : R® — R has a local minimum at x = x*. If f is differentiable at z*,
then
Vf(z*)=0.

Proof: Since f is differentiable at x*, it follows that

f@) = f@™) + V(") (& —2%) +ofllz — z7|). (1)
Suppose V f(z*) # 0 and define
zp = z* — hV f(z").

Then (1), with = x5, becomes
f(xn) = f(&7) = WV f(2") - V(z") + o(h).
Since V f(z*) # 0, it follows that
V@) - V(") =V f")* > 0.
Since the error term represented by o(h) goes to zero faster than h, it follows that
lo(h)| < h||Vf(z*)||* for all h sufficiently small,

which implies that
f(zp) < f(z*) for all h sufficiently small.

This contradicts the assumption that z* is a local minimizer, and shows that V f(z*) # 0 is impos-
sible if z* is a local minimizer. QED

A point z* satisfying V f(z*) = 0 is called a stationary point of f.

The proof of the above theorem shows that, if V f(z*) # 0, then the vector —V f(z*) defines a
direction from z* in which f decreases. To be precise, the vector p = —V f(x*) satisfies

f(@* + hp) < f(z*) for all h > 0 sufficiently small.

An examination of the above proof shows that the same is true of any vector p such that p-V f(z*) <
0. Such a vector p is called a descent direction for f at z*. The concept of descent direction is
fundamental in defining algorithms for minimization.

It is important to notice that the above first-order condition is only necessary. If x* is a local
minimizer of f, then z* is a stationary point. However, the fact that z* is a stationary point does
not guarantee that z* is a local minimizer of f. The following simple examples demonstrate this.

Example 2.2 If f : R — R is defined by f(z) = —x2, then f'(0) = 0 but 0 is a local maximizer of
f. If g : R = R is defined by g(z) = 3, then ¢g'(0) = 0 but 0 is neither a local minimizer nor a
local mazimizer.

Analogous examples in two variables are f(z) = —x? — 22 and g(z) = 2? — 22.

There is no first-order sufficient condition for general nonlinear problems (although I discuss a
special case below in which the first-order necessary condition is also sufficient). To obtain a sufficient
condition, the curvature of the function must be taken into account, which means examining the
second derivative.



3 Second-order conditions

3.1 The second-order necessary condition

If f:R™ — R is twice differentiable at z* and z* is a local minimizer of f, then

f(@)=f(@*) + V(@) - (2 —2") + %(w — %) -V f(a") (@ - 2*) + o(||lz — |1*).

Writing z = z* + hy, where h is a scalar and y is a vector, and applying the first-order necessary

condition yields
h2

f@ +hy) = f(@") + Sy - V2 F(@")y + o(h?).
Since o(h?) is negligible compared to
h? .
S U Vi)

when b is sufficiently small,

f(z* + hy) > f(x*) for all h sufficiently small
implies that

h2

Y V2f(2z*)y > 0 for all h sufficiently small.

Dividing through by h?/2 yields

y-V?f(z)y >0,
and this must hold for all y € R™ if z* is a local minimizer of f. Since V2f(z*) is a symmetric
matrix, the following standard definition is relevant.

Definition 3.1 Suppose A € R™ ™ is symmetric. If
y-Ay >0 for ally € R,
then A is said to be positive semidefinite. If
y-Ay >0 forally e R", y #0,
then A is said to be positive definite.
The result I proved above is called the second-order necessary condition for a local minimizer.

Theorem 3.2 Suppose f : R™ — R is twice differentiable at x* and x* is a local minimizer of f.
Then V2 f(x*) is positive semidefinite.

As the following example shows, the second-order necessary condition is not sufficient.
Example 3.3 Define f : R? — R by f(z) = 2} — 23. Then

vi@ = | |
Vi@ = {12:6(%) —12:(;[5)]’
S0
vio = |g ]

V2f(0) = [8 8]

Since the zero matriz is certainly positive semidefinite, both the first- and second-order necessary
conditions hold. However, f does not have a local minimum at x = 0, since f(z) < f(0) = 0 for
every x of the form x = (0,xz2).

However, a slightly stronger second-order condition is sufficient.



3.2 The second-order sufficient condition

Theorem 3.4 Suppose f : R* — R is twice differentiable at z*, Vf(z*) = 0, and V2f(z*) is
positive definite. Then x* is a strict local minimizer of f.

Proof: The function
yry-Vif(z')y
is continuous and positive over the compact set {y € R™ : ||ly|| = 1}. Therefore, there exists a > 0

such that
lyll=1 = y-V?f(z*)y > a.

Since f is twice differentiable at z* and V f(z*) = 0 by assumption,

* * h2 *
P +hy) = £) + Yy o), )
By definition,
h2
lo(h?)] < Cls for all h sufficiently small.

Hence there exists hg > 0 such that

h2
0<h<ho,llyll =1 = Zy-V*f(z")y + o(h?) > 0.

Together with (2), this shows that f(z* + hy) > f(z*) for all h,y with 0 < h < hg, ||y|]| = 1. Since
{o" +hy : 0< h<hollyll =1} = {2 : 0< [lo — 2| < hol,

it follows that
0<||lz—2z*|<ho = f(z¥) < f(x)

and hence that z* is a strict local minimizer of f. QED
The above results can be summarized as follows:

1. If z* is a local minimizer of f, then
Vf(z*) =0 and V2 f(z*) is positive semidefinite.
2. If
Vf(z*) =0 and V?f(z*) is positive definite,
then z* is a strict local minimizer of f.

It is important to realize that the sufficient condition is not necessary; that is, * can be a local
minimizer of f (even a strict local minimizer of f) and yet V2f(z*) not be positive definite.

Example 3.5 Define f : R?> - R by f(z) = 2? + z4. Clearly x* = 0 is a strict local minimizer of
f- A simple calculation yields

viw = |3,
V@ = | |
0
vio = |g ]
vio = |o ol



For any y € R2,
y-V2f(0)y = 2y; >0,

which shows that the first- and second-order necessary conditions are indeed satisfied. However,
y=1(0,1)#0 and y - V*f(0)y = 0.

This shows that V2 f(0) is not positive definite, and so the second-order sufficient condition fails.

4 Convex functions

I will now discuss a class of functions f for which the first-order necessary condition V f(z*) =0 is
both necessary and sufficient, namely, the class of convex functions.

Definition 4.1 Suppose f : R* — R. If

M.z e R™ a1,00 > 0,01 +as =1 = f(alx(l) + agw(2)) < alf(x(l)) + agf(x(2)),
then f is said to be convex. If

W 2@ e R™ ay,a > 0,01+ s =1 = flagz® + a0z?) < ay f(2D) + as f(2?),
then f is said to be strictly convex.

A little geometry makes the above definition easy to understand. Given two points z(!), 2(?) in
R"™,
{alx(l) + ozza:@) tag,an > 0,010 +an = 1}

is the line segment with endpoints (1), 2(?) | and points of the form

(alx(l) + oz, flaz® + azx(z)))

comprise the secant line through the points (z(1), f(z(1)), (22, f(2(?))) on the graph of f. A convex
function “curves up” in such a way that the secant line lies (on or) above the graph of the function.
Figure 1 shows an example.

Here is a fundamental property of smooth convex functions.

Theorem 4.2 Suppose f : R = R is convex. If f is differentiable ot a € R™, then the following
inequality holds:
f(x) > f(a) + Vf(a)- (x —a) for all z € R™.

If f is strictly convex, then the inequality is strict for © # a. Thus the graph of a convex function
f lies on or above the plane tangent to the graph of f at (a, f(a)).

Proof: I begin with the case that f is convex I suppose, by way of contradiction, that there exists
b € R™ such that

f(b) < f(a) +Vf(a)-(b-a) 3)
The convexity of f implies the following inequality:
f(A—a)a+ab) <(1-a)f(a) +af(b) = fla+ald-a)< fla)+a(fb) - f(a)).

I define ¢ : R — R by
¢(a) = fla+ a(b—a)).

Then, by the chain rule,
¢'(0) = Vf(a)- (b—a).
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Figure 1: The convex function f(z) = e® and a secant line.

I can also estimate ¢'(0) as follows:

b0 = iy 200
_ o, flatal-0) - @
a—0t «
c o J@+af0) - £@) - f@
— i, (/0) - £(@)
= f(b) - f(a).

Since ¢'(0) = Vf(a) - (b — a), I obtain

Vf(a)-(b—a) < f(b) — f(a).
But (3) implies that
f(®) = fla) < Vf(a)-(b-a)
This contradiction completes the proof of the first result.
Now I suppose that f is strictly convex. The convexity of f implies that

a€[0,1] = fla)+aVf(a)-(b—a) < fla+alb—a)) < fa) +a(f () — f(a)).

However, a — f(a) + aVf(a) - (b—a) and a — f(a) + a(f(b) — f(a)) are two affine functions of a
agreeing at o = 0. If f(b) = f(a) + Vf(a) - (b— a), then the two affine functions also agree at a =1
and hence must be equal for all «. But then

a€l0,1] = f(a)+aVf(a)- (b—a)=fla+ald—a)= f(a)+a(f(b) - f(a),

which contradicts the strict convexity of f. QED
The converse of Theorem 4.2 is also true. I will prove it in the next section.
I can now prove the main result of this section.

Theorem 4.3 Suppose f : R® — R is convez. If f is differentiable at z* € R™ and V f(z*) = 0,
then f has a global minimizer at x*. If f is strictly convex, then x* is the unique global minimizer

of f.



Proof: By the previous theorem,
f@) > f*)+ V(") (x — ") for all z € R".
If Vf(z*) =0, then this reduces to
f(z) > f(z*) for all z € R",

which shows that z* is a global minimizer of f. If f is strictly convex, then the inequalities above
are strict, and z* is the only global minimizer of f. QED

4.1 Sufficient conditions for convexity
The first sufficient condition I present is the converse of Theorem 4.2.

Theorem 4.4 Suppose f: R™ — R is differentiable everywhere and
f(x) > f(a)+ Vf(a)- (x —a) for all a,z € R™. 4)

Then f is convex. If the inequality in (4) is strict for © # a, then f is strictly convez.

Proof: I suppose, by way of contradiction, that (4) holds but f is not convex. Then there exist
a,b € R™ and 6 € (0,1) such that

f(1—0)a+6b) > (1—-0)f(a)+6f().

By assumption, with ¢ = (1 — 0)a + 6b,

fla) > fle)+Vf(c):(a—o),
fla) > fle+Vf(e)-(b-c
It follows that
fle) > (1—-6)f(a)+6f(b)
> (1-0)(f(e)+Vf(e)-(a=0)+0(f(c) +Vf(c) - (b—c))
= (1-6+6)f(c)+Vf(e)-(1—0a+8b—(1—6+86)c)
= fl)+Vf(c)-(c—¢)
= f(o).

Since f(¢) > f(c) is impossible, it must be the case that f is convex. The proof of the second part
of the theorem is left to the reader. QED

If f is twice-differentiable, then the second derivative of f reflects the curvature of the graph
of f. I want to show that f is convex if V2f is everywhere positive semidefinite and f is strictly
convex if V2 f is everywhere positive definite. To do this, I need Taylor’s theorem. The reader will
recall that, if ¢ : R — R is twice continuously differentiable, then, given any a, 8 € R, there exists
v between a and 8 such that

#') 5_ o2
25— a)”

¢(B) = ¢(a) + ¢'(a)(B — a) +
This is a consequence of Taylor’s theorem for functions of one variable; it give an explicit form of
the error in the local linear approximation (although the number 7 is generally unknown).

I can use Taylor’s theorem for functions of one variable to derive the analogous result for a
function of n variables. Given a twice continuously differentiable function f : R® — R and any
a,x € R, I define ¢ : R — R by

¢(a) = fa+ a(z — a)).



The derivatives of ¢ are

¢'(@) = Vf(a+alz—a)-(z-a),
¢"(0) = (x—a) -Vfla+a(x—a))(z—a).

Therefore, applying Taylor’s theorem to ¢ yields, for some v between a and 3,

8(8) = 6(0) + (8~ )¢'(a) + T (5~ a2
or
FlatBla-a) = fla+a(r-a)+(5-a)V  (a+a(e—a))-(z-a)+ C 2L (2-a) V2 flaty(a-a)(a—a).

Taking a =0, 8 = 1 yields

1
f@)=f@)+Vf(a) (z=a)+(@=a)-Vfla+(z-a)(z-a)
where « is between 0 and 1. This proves the following theorem.
Theorem 4.5 If f : R™ — R is twice continuously differentiable, then, for any a,x € R"™, there

exists v € [0, 1] such that

f@)=f(a)+Vf(a): (z—a)+ %(m —a)-V2f(a+7(z - a))(z - a).
I can now prove the following results.

Theorem 4.6 If f : R" — R is twice continuously differentiable and V2 f is everywhere positive
semidefinite, then f is convex. If V2 f is everywhere positive definite, then f is strictly convez.

Proof: If V2f is everywhere positive semidefinite, then, for any a,z € R", there exists v € [0, 1]
such that

f@) =fla) +Vf(a)-(x—a)+ %(ﬂf—a) V2 fla+(z - a))(z - a).
Since V2 f(a + y(z — a)) is positive semidefinite,
(z—a)-V2fla+7(z —a))(z—a) >0,

which yields
f(z) 2 f(a) + Vf(a) - (z —a).
This holds for all a,z € R™, so by Theorem 4.4, it follows that f is convex. If V2f is everywhere

positive definite, then the two previous inequalities are strict, which implies (again by Theorem 4.4)
that f is strictly convex. QED



