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1 Introduction

In computational mathematics, nonlinear problems are usually difficult. For example, it is straight-
forward to solve a system of thousands of equations in thousands of unknowns, provided the equa-
tions are linear. (Of course, one needs a computer to carry out the calculations for such a large
system. But the calculations themselves are straightforward, and the computer merely does repeti-
tively what is simple to do by hand for small systems.) On the other hand, it is easy to write down a
single nonlinear equation in one unknown that cannot be solved via a finite number of calculations.
Here is an example:
ze® +log (z) = 1.

For this reason, when trying to solve nonlinear equations, it is usually necessary to use iterative
algorithms, that is, algorithms that produce a sequence converging to (but never reaching exactly)
the true solution. Iterative algorithms for nonlinear equations typically employ, at each step, a
linear approximation to the nonlinear function defining the problem.

One of the most important results from calculus is that a function attains its maximum or
minimum at a point where the derivative of the function is zero. For this reason, optimization is
closely related to the problem of solving systems of equations. An optimization problem can be
solved exactly by a finite algorithm if the derivative of the function to be maximized or minimized
is linear, which is the case if the function is quadratic. Therefore, when a nonquadratic function
is to be optimized, it is usually done by an iterative algorithm employing a sequence of quadratic
approximations.

The purpose of this paper is to describe linear and quadratic functions in several variables and
to show how to construct linear and quadratic approximations to general nonlinear functions. I will
begin with functions of one variable, in which case the algebra is simple and graphs make it possible
to visualize the approximations. However, the reader should be forewarned that some important
concepts about quadratic functions are not present when there is only one independent variable.

2 Functions of one variable
The reader will recall from calculus that a smooth function can be expanded in a Taylor series:

J@) = 1@ + I @@ -0 + 5" @6 - + @)@ -0 + ...

Polynomial approximations to f near £ = a can be obtained by truncating this series. For example,
the best local linear approximation to f near x = a is

f(@) = f(a) + f'(a)(z — a) (x near a).

This is also called the tangent line approzimation at x = a. An example is shown in Figure 1. The
best local quadratic approximation to f near x = a is

f(z) = f(a) + f'(a)(z —a) + %f”(a)(w —a)? (z near a).

Higher-degree approximations can be obtained in a similar manner but are rarely used in optimiza-
tion.



To show how these approximations are used, I will begin by considering the nonlinear equation
mentioned in the introduction:
ze® +log (z) = 1. (1)

I will define f(z) = ze® +log(x) — 1 and try to solve f(z) = 0. A simple graph (see Figure 1) shows
that the solution is not far from x = 0.75. Figure 1 also shows the best local linear approximation
to f near z = 0.75:

f(z) = £(z) = 0.30007 + 5.0381(x — 0.75).

— y=f(x)
- - - local linear approx.

Figure 1: The function f(z) = ze® + log () — 1 and a tangent line approximation.

The graph suggests how to make use of the linear approximation: the graphs of f and £ cross
the z-axis at nearly the same point, so solving £(z) = 0 should give an improved approximation of
the solution of f(z) = 0. Of course, it is easy to solve the linear equation:

0.30007 4+ 5.0381(z — 0.75) =0 = =z = 0.69044.

This estimate is quite accurate; to five digits, the solution is z; == 0.68905.

The repeated use of the best local linear approximation to improve an estimate of the solution
of f(z) = 0 is called Newton’s method. Above I performed one iteration of Newton’s method; to
demonstrate its power, I will perform the second iteration. The tangent-line approximation at z; is

f(z) = 0.0067209 + 4.8201(z — 0.69044),

and
0.0067209 + 4.8201(z — 0.69044) = 0 = z = 0.68905.

This estimate, o = 0.68905, is correct to five decimal digits. As I will explain later, the next
estimate 3 would be correct to about ten digits.
The typical step of Newton’s method takes the form

f(xk)

flxe) + flxp)(x—2) =0 = z=mxp — P

The following simple formula can thus be applied repeatedly:

f(zk)

Tk+1 = Tk — fl(xk)




To demonstrate the usefulness of a quadratic approximation, I will consider the following opti-
mization problem: find the value of x that minimizes

f(z) =sin (z) + 22 + 2.

As Figure 2 shows, f has a unique minimizer. I will take as my initial estimate z = 3. (I can get a
better estimate by looking at the graph, but the visual effect is better if I do not start too near.)
Figure 2 also shows the best local quadratic approximation to f near z = 3:

f(@) = q(z) = 12.1411 + 6.0100(z — 3) + 0.92944(z — 3)2.
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Figure 2: The function f(z) = sin (z) + 22 + 2 and a quadratic approximation.

Minimizing ¢ should provide a good estimate of the minimizer of f. Of course, the minimizer of
q is found by setting ¢'(x) to zero and solving for x:

¢(x)=0 = z=-0.23313.

For the sake of illustration, I will give the next step in the iteration, that is, I will use the best
local quadratic approximation to f near z; = 0.23313 to compute a still better approximation. The
new quadratic approximation,

q(z) = —0.40981 + 1.5067(x + 0.23313) + 1.11551(x + 0.23313)?,
is shown in Figure 3. Its minimizer is easily computed to be
22 = —0.90846.

The minimizer of f, to five digits, is x = —0.83543.

The process of minimizing successive quadratic approximations in order to locate a minimizer of
a nonquadratic function is also referred to as Newton’s method. In fact, the alert reader will notice
that it is equivalent to Newton’s method for solving f'(z) = 0. However, there is an advantage to
thinking of a quadratic approximation to f rather than a linear approximation to f': the quadratic
approximation has either a minimum or a maximum (depending on whether the coefficient of z? is
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Figure 3: The function f(z) = sin (z) + 2? + z and another quadratic approximation.

positive or negative), and so it shows whether the iteration is going in the right direction or not.
After all, it is not enough to converge to just any solution of f'(z) = 0. The quadratic approximation
shows whether the iteration is tending to a stationary point that corresponds to a minimum. If it
is not, then the next step should be modified in some fashion. This will be even more important
for minimizing functions of several variables.

The best local linear approximation £ to f near x = a has the following properties:

t(a) = f(a), €'(a) = f'(a).
In fact, I can derive £ by imposing these conditions. I assume that £ has the form
Lx) =co+ci(z—a)

and use the conditions ¢(a) = f(a) and #'(a) = f'(a) to determine ¢ and ¢;. The equations become
simply

o = f(a)a
ca = fl(a).

The reason that the results turned out to be so simple is that I chose to write the linear polynomial
¢ in the form ¢y + ¢1(z — a). Had I chosen the equally general form ¢y + ¢12, I would have found
the same function ¢ but with a more complicated expression for cg.
The best local quadratic approximation can be derived in a similar manner. I assume that ¢ has
the form
q(x) = co +c1(z — a) + co(z — a)?

and use the conditions ¢(a) = f(a), ¢'(a) = f'(a), and ¢"(a) = f"(a) to find ¢y, c1, and c3. The
resulting equations are

C = f(a) ’
. = fl (a)a
2¢cp = f” (a) .



Therefore,

(@) = fa) + @) —a) + T (@ —a)”.

Before turning to the case in which f depends on several variables, I wish to discuss some
terminology. It is common to refer to a function of the form

L(z) =co+ 1z

as a linear function, although, strictly speaking, it is the second term in the expression that defines
a linear function. That is, a linear function of one variable has the form

L(z) = cx,
where ¢ is a constant. Such a function satisfies
Llonmy + asxe) = arl(z1) + azb(zs) for all oy, as € R, 21,25 € R. (2)

Condition (2) is the defining property of a linear function. It is rather trivial for functions of one
variable, but it will be much more interesting for functions of several variables. A function of the
form

L(z) =c(x —a)

can be described as “linear in z — a.”
Similarly, it is common to call
Co+ 1o + cza:2

a quadratic function, though it might be more precise to restrict the word quadratic for functions
of the form

cx?.

Thus, the approximation

f(@) =q(x) = f(a) + f'(a)(x —a) + @(x —a)? (z near a)

contains a constant term (f(a)), a term linear in  —a (f'(a)(x —a)), and a term quadraticin z —a

((1/2)f"(a)(z = a)*).

3 Functions of several variables

A function of the type considered in the last section is denoted f : R — R, meaning that the name
of the function is f, its domain (the set of input values) is R, the set of real numbers, and the
output values also lie in R. In other words, f takes a real number x and maps it to a real number
f(z). In some cases, the domain of f is not all of R, but rather some interval of real numbers. For
example, the function f(z) = ze® + log (z) — 1 is defined only for positive numbers, so I can write

f:(0,00) = R.
I now discuss functions that take several input variables. I will always use vector notation;
instead of writing f(z1,zs2,...,T,), I will write f(z), where z € R™ (R™ is the set of vectors with

n components, each component a real number). The reader should notice that I use the same
notation for £ € R and x € R™; context will show which is intended. For reasons that will soon
be obvious, it is necessary to consider both real-valued functions f : R® — R and vector-valued
functions F' : R™ — R™. In studying optimization problems, one normally deals with the case
in which m = n, but in certain special problems (for example, nonlinear least-squares problems),
m # n is encountered.



3.1 Systems of nonlinear equations

As I mentioned in the introduction, systems of nonlinear equations can be impossible to solve exactly
by algebraic methods. The system
2

Toe F1

£ 5|

o +sin(zy) =

which can be written F(z) = 0, where

2 1
F(z)=| ®2¢ 7" ~1 |,
(z) [ Zo + sin (z7)

I can graph the curves Toe T —1 /10 = 0 and x5 +sin (z1) = 0 in the plane; any points of intersection
correspond to solution of the system.! The graphs are shown in Figure 4, which shows that the
system has two solutions. This example illustrates one of the reasons that systems of nonlinear
equations are difficult to solve: it is usually impossible to predict in advance how many solutions
a given system has. By constrast, a system of n linear equations in n unknowns has exactly one
solution except in the case that the coefficient matrix defining the system is singular, in which case
such a system must have no solutions or infinitely many solutions.

6 ‘ ‘ ‘
The curve F1(X1’X2):o

. The curve F2(xl,x2)=0

Figure 4: The two curves defined by a 2 x 2 system of nonlinear equations.

Now suppose I wish to apply Newton’s method to solve F(z) = 0. I can see from Figure 4 that
there is a solution near the point (—1/10,1/10). Indeed, with 2(®) = (—=1/10,1/10),

F() = | G5 |

which is not far from the zero vector. The question I must answer is: how do I construct a local
linear approximation to F near z(®?

Part of the answer is provided by a standard result from linear algebra: Each linear transforma-
tion from R? to R2 can be represented by matrix-vector multiplication with a certain 2 x 2 matrix.

IThe reader should notice that such graphical analysis is strictly impossible if there are more than three unknowns,
and is usually not useful for the case of three variables.



This implies that the local linear approximation to F near z(©) will have the form
F(z)=L(z)=F (m(o)) +J (.’E - m(o)) (m near a:(o)) ,

where J is a 2 x 2 matrix. If I impose the condition that F' and L must have the same first partial
derivatives at (%, that is,

OF;

—Z_ (w(O)) ) 7’7.7 = 1727

Ot
then I obtain the so-called Jacobian matriz:

OF: (5(0))  OF1 ((0))
J = oz oz .
[ g_ﬁ (z©) % (=)

To be precise, the derivative of F' at z(®) is a linear transformation DF (z(*)) that satisfies
F(z)=F (m(o)) + DF (x(o)) (x - x(o)) (:c near :c(o))

in a certain sense to be described later. As in the case of one variable, this formula involves a
constant term and a term linear in z — (%), The linear transformation DF (z(?)) is represented by
the matrix J in the sense that

DF (x(‘))) y=Jy forally e R2.

The matrix J depends directly on (%), so it would be more correct to write J (.7:(0)); however, I will
usually suppress this dependence and just write J. For a more complete explanation and derivation
of the Jacobian matrix (as well as the other results in this paper), the reader can consult my paper

[1).

Now I can show how to improve on the estimate z(®) of the solution of F(z) = 0. Since
F(z)=F (m(o)) +J (.’E - m(o)) (m near m(o)) )

feolve F (ZU(O)) +J (:L‘ - x(o)) =0;

the solution will be z(), the improved estimate of the true solution. It is easy to show that
g =20 _ j-tF (m(o)) .
In this example, the reader can verify that

©) - [ 0.019801 0.99005
4 (‘” )_[ 0.99500  1.00000

and

L = [ —1:0120 ]
1.0103

Moreover,

W) - [ —3.8635-10~7
F(“’ )_[ 7.2364-1078 |

which shows that Newton’s method really did succeed in producing an improved estimate of the
true solution.
In general, the Newton iteration takes the form

g*+D) = B _ g1 R (x(k)) (J =J (x(k))) .

This formula is the same whether F : R? — R2, as in the above example, or F : R — R” for n > 2.
(This is the power of matrix-vector of notation.) The only difference in moving from n =2 to n > 2
is that the vectors /), z(**1) and F (z(¥)) become n-vectors, and the matrix J becomes an n x n
matrix.



3.2 Minimization of a function of several variables

I now consider the problem of finding a minimizer of a function f : R® — R. The reader who has
understood my development to this point will recognize that the first order of business is to find
the best local linear and quadratic approximations to f near a given point a € R™.

Since R is isomorphic to R!, the results of the last section show how to construct a local linear
approximation:

f(@) = f(a) + J(x —a) (z near a),

where J is the 1 x n matrix

6.701 (9.1‘2

J=J@=] @ ZL@ - Z@].

It turns out convenient to write this approximation in an equivalent fashion using the (n x 1) gradient
vector

Vi@ =] ™
o
%(a)

in place of the 1 x n Jacobian matrix. The best local linear approximation then takes the form

fx) = f(a)+Vf(a) - (x—a) (znear a).

The reader should notice the dot product in this formula.

Constructing the best local quadratic approximation to f near a is a bit more involved, because
I have to explain the form of a quadratic function ¢ in n variables. Such a function must contain
all terms of the form

Ty, 4,5 =1,2,...,m,
and hence can be written as
n n
q(m) = E E hij.fl?z'.'L'j.
i=1 j=1

However, this representation is not unique; since x;x; = x;x;, h;; and hj; can be changed arbitrarily
as long as h;j + hj; is not changed. For example, the quadratic in two variables

.CL'% + 4.%'1.71'2 + 3.’E§ (hll = 1,h12 = 4, h21 = O,hzz = 3) (3)
can also be written as
T} + 32122 + 22wy + 325 (hir = 1, Az = 3, hoy = 1, hay = 3),

and in infinitely many other ways. For reasons that will become clear below, I will assume that
hij = hj;. For example, (3) would be written as

.Z'% + 2.’E11L'2 + 2.71'2.’11'1 + 31’% (hll = 1;h12 = 2,h21 = 2, h22 = 3)
A familiarity with matrix-vector manipulations suggests the following calculation:

n n n n
E E h,-jx,-mj = E xX; E h,'jZL'j
i=1 j=1

i=1 j=1

= xz-Hzx,



where H is the nxn matrix whose 4, j-entry is h;;. According to my assumption about the coefficients
hij, H is a symmetric matrix, which means that HY = H. Symmetric matrices have special
properties with regard to their eigenvalues and eigenvectors; these properties will be important
later.

Thus a quadratic function in n variables is determined by an n x n symmetric matrix H. More-

over, if
n n
g(z) =z-Hz = Zzhijwjmj,
i=1 j=1
then 5
q
To avoid the annoying factor of 2, it is usual to write a general quadratic in the form
1
q(z) = 2" Hz.

(The reader might think that the factor of 1/2 would be more annoying than the factor of 2.
However, in numerical optimization we are constantly manipulating the derivatives and much less
often the function itself.)

I have now shown that a local quadratic approximation to f near a should have the form

F(#) = f(@) 4 V(@) (0~ a) + 5(z —a) - H(z —a).

The principle that the best local quadratic approximation should have the same second partial
derivatives as does f itself yields

8%f 8%f 8%f
W(a) Ozro0z1 (a) e BrnOz1 (a)
8% 82 8
Bwlafwz (a) %J;‘;(a) o 6wnng (a)
H =
82 ' 82 ' 82
8w18];n (a) awzafwn (@) - ﬁ(a)

(For a more complete justification, the reader can consult [1].) This matrix containing the second
partial derivatives of f is called the Hessian matrix of f (at a) and is denoted V2 f(a). As long as
f is smooth,

of __of

8.’1,‘,'6.73]‘ Y= 8.’1,‘]6:131 @)

and so V2 f(a) is guaranteed to be a symmetric matrix.
I have now derived the best local quadratic approximation to f near x = a:

f@)=fla)+Vf(a) (x—a)+ %(x—a) -V2f(a)(x —a) (z near a).

As before, this formula involves a constant term, a term linear in £ — a, and a term quadratic in
2z — a. Newton’s method then takes the form

2R Z g0 _ g2 g (mw)) s (w(k)) .

(Since the Hessian is the Jacobian of the gradient, this really is just Newton’s method applied to
the system Vf(z) =0.)
Here is a specific example; the reader can verify the individual steps in the computation. I define
f:R?2 > R? by
flz) = alrlffwg + 22 4+ 1 + 25 — 3.



Then

2
e T2 4 2.’E1 +1
\Y = ,
f(@) [ —lewge’wg + 229 —1 ]
2
2 —2x9e "2
V2 = .
1(@) l —23726’“”3 4:1:1%%6*“”g — 2xle*z§ +2
I will take z(® = (0,0) as my initial estimate of the minimizer. The initial function value is
f (:L'(O)) = (. Then
2
(0) —
vy (“‘" ) - [ -1 ]
2 0
2 (0) —
A (“’ ) - [ 0 2 ]
and z() = (=1,1/2). Since f (zV)) = —1.0288, Newton’s method succeeded in reducing the
function value and presumably moved toward a minimizer. The next iteration proceeds as follows:
@) - [ —0.22120 ]
Vi ("’ ) — | 077880 |°
[ 2.0000 —0.77880
2 (1) -
) (5” ) = | —0.77880  2.7788 ] ’
22 = —0.99836 .
0.22020
The new function value is f (:L'(2)) = —1.1245, which again shows a reduction. Also,
@)\ - | —0.044042
i (”“" )_ [ —0.1.4075 |°

and the fact that the gradient is getting smaller also suggests that Newton’s method is converging
to a minimizer. In fact, the minimizer is

. . [ —0.96662
=1 026287 |’

and f (z*) = —1.1281.

Newton’s method is ideal for local convergence, that is, improving a reasonably good estimate of
the desired solution to a high degree of accuracy. However, if a good initial estimate of the solution
is not known, then Newton’s method must be combined with other techniques to create a robust
algorithm.

4 More about local approximations

For any function f (scalar- or vector-valued), the best local linear approximation near z = a takes
the form
f(z) = f(a) + Df(a)(z — a) (z near a), (4)

where D f(a) is a linear transformation. If f : R — R, then the derivative D f(a) is represented the
ordinary derivative f'(a), which is a number.2 If f : R® — R, then Df(a) is represented by the
gradient vector V f(a). Finally, if f : R® — R™, then D f(a) is represented by the m x n Jacobian
matrix J(a).

To analyze the convergence of Newton’s method, it is necessary to know the sense in which the
approximation (4) is valid. The definition is as follows:

2The reader will recall from page 5 that a linear function from R to R is represented by a single number.
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Definition 4.1 Suppose f : R™ — R™ and a € R™. Then f is differentiable ot a if there exists a
linear transformation Df(a) : R™ — R™ satisfying

If(x) = f(a) = Df(a)dz]]

— 0 as ||dz|| — 0. (5)
o7l 6]

(If either z or f is scalar-valued, then corresponding norm can be replaced by absolute value signs.)

In order that the ratio
lf(z) — f(a) — Df(a)dz||
6|

tend to zero as ||0z|| goes to zero, it must be the case that

If(2) = f(a) — Df(a)dz]|

goes to zero faster than ||0z|| does. It is customary to write

f(z) = f(a) = Df(a)ox = o(||6z|)) as [|6z]| — O

to indicate that f(z) — f(a) — D f(a)dz is small compared to dz in this sense. (Often the phrase “as
[|6z|| — 0” is omitted.) The symbol o(||dz||) is read “little-oh of ||6z||.”
The upshot of all this is that the error in the approximation

f(z) = f(a) + Df(a)(z - a)

is a quantity that is small compared to ||z — a|| as z — a.

The situation with the quadratic approximation is more difficult to describe in general because
I do not want to take the time describe second derivatives of vector-valued functions f : R™ — R™.
Therefore, I will just give the results for scalar-valued functions. If f : R — R is twice differentiable,

then "
£&) - @) - F@)e—a) - L @~ a) = o (Jz— af?),

the precise meaning of which is

1@) = f(@) = (@)@ — a) - {2 (w — a)?|

—0as|z—al—0.
|z —af?

If f: R®™ = R is twice differentiable, then

f(®) = fla)=Vf(a) - (z—a)— %(w —a)-V*f(a)(z —a) =o(|lz —al).
Similarly, this means that

| £(z) = f(a) = Vf(a) - (z —a) — 3(z —a) - V*f(a)(z — a)

—0as|lz—al —0.
|z — all?

Finally, if f : R®™ — R is twice-differentiable, then

f(x) = fa) =Vf(a)-(z—a) = %(m—a) -V f(a)(z —a) +o(llz —al).

The quantity
2

H%(x —0) V*f(@)(z - a)

is bounded by a constant times ||z — al|?. This fact is expressed as

S =)V f(@)w—a) = O (=~ al])

11



The symbol O (||z — a||?) is read “big-oh of ||z — a||? and is interpreted informally as a quantity
that is approximately proportional to ||z — al|? as ||z — a|| — 0. It follows that, in the case that f
is twice-differentiable,

f@) = fla)=Vf(@)-(z-a)=0(lz—al?).

In other words, when f is not just once but twice differentiable, the error in the linear approximation
is not just o (||z — a]), but in fact O (||lz — a||?). This is a more precise estimate of the error. This
result is valid in general: if f : R™ — R™ is twice differentiable, then

f(@) — f(a) = Df(a)(z —a) = O (||lz - al?) .
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