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1 Introduction

I will now discuss sequential quadratic programming algorithms for the general NLP

min f(z)
st. g(x)=0
h(z) > 0.

Assuming z* is a local minimizer and A*, 8* are the corresponding Lagrange multipliers for the
equality and inequality constraints, respectively, an SQP method will produce sequences {z(F},
{)\(k) }, and {O(k)} by solving a sequence of quadratic programs. Based on my discussion of equality-
constrained NLPs, it would seem natural to base the iteration on either of the following QPs:

min %p V2 ® AR 98y 4 w0 AR k) g

s.t. Vg(:v(k))Tp + g(a:(k)) =0 (1)
Vh(z® ) p+ hz®)) >0,

min %p V2 NP 00y 4 V() - p

st Vg I'p 4 gz®) =0 (2)
Vh(z®)Tp + h(z®) > 0.

However, QP (1) turns out not to be suitable, because z* need not be a local minimizer of

min £(z; \*;0%)
s.t. g(z)=0
h(z) > 0.

The following calculation shows that £(z*; \*; 6*) = f(z*):
(x5 A%5607) = f(@7) = A" -g(a”) =67 - h(z7)
= f@@) - zp: 0 hi(z") (since g(z*) = 0)
= f(z%) (slijltze, for each 4, either 8 = 0 or h;(z*) = 0).
However, if x is feasible, then

Uz X50%) = flz) = A" -g(z) — 6" - h(z)



= 29 hi(z) (since g(z) = 0)

= Z 0Fhi(x) (since 8 =0 for i ¢ A(z*))
1€A(x*)
f(z) (since 87 >0 and h;(z) > 0 for all i),

IN

and this inequality is strict for strictly feasible = as long as there are inactive constraints and strict
complementarity holds. Therefore, there is no reason to believe that x* is a local minimizer of
£(-; \*; 0*) subject to the constraints g(z) = 0 and h(z) > 0.

Example 1.1 Let f : R*> = R and h: R — R be defined by

fl@) = af —aj+4da,
h(z) = xz3—1.
Then the NLP
min f(z)
s.t. h(z) >0

has a unique local minimizer, z* = (0, 1), with corresponding Lagrange multiplier 8* = 2 (z* is not
a global minimizer since f is unbounded below in the feasible region). It is easy to verify that x* is
a nonsingular point of the NLP. The Lagrangian, using the exact Lagrange multiplier, is

((2;0%) = 2] — 23 +4dag —2(v2 — 1) = 2] — (22 — 1)® + 3,
and this formula shows that x* is not a local minimizer of

min  {(z;6)
s.it.  h(z) >0.

The following theorem shows that formulation (2) of the QP subproblem is suitable for an SQP
algorithm.

Theorem 1.2 Suppose f : R - R, g : R® — R™, and h : R™ — R are twice continuously
differentiable, and that x* € R™ is a local minimizer and nonsingular point of the NLP

min f(z)
st. g(x)=0
h(z) > 0.

Let \* and 0* be the corresponding Lagrange multipliers for the equality and inequality constraints,
respectively. Then x* is also a local minimizer of

min %(m —2%) - V(2 ;N5 0%) (2 — 2%) + Vf(z*) - (z — 2¥)
st. Vg '(z—z*) +g(z*) =0 (3)

Vh(z*)T (z — z*) + h(z*) > 0.



Proof: I will show that z* together with A*, 6* satisfy the sufficient conditions for a local mini-
mizer. For the sake of notation, I define

1

g(z) = Slz—a") V325607 (x —27) + Vf(a") - (& —27),
cz) = Vg(z*)'(z —a*) +g(z"),
d(z) = Vh(@*)T(z—z*)+ h(z*).
Then
Vq(z*) = Vf(z"),
Ve(a®) = Vg(z*),
Vd(z*) = Vh(z"),

and the first-order optimality conditions are satisfied by z* together with \* and 6*:

Vq(z*) — Ve(z")\* = Vd(z)8” V@) —Vg(z")\* — Vh(z")0* =0,

c(z*) = g(@*) =0,
d(z*) = h(z*) >0,
6= > 0,
0*d(z*) = 6*h(z") =0.
Moreover, if z € R™ satisfies z # 0 and
c(z)'z = 0,
di(z*)-z = 0forallie€ A(z") such that A} > 0,
di(z*)-z > 0 forall i € A(z") such that A} =0,
then z also satisfies
g(z")"z = 0,
hi(z*)-z = 0 for all i € A(z") such that A] > 0,
hi(z*)-z > 0for all i € A(z") such that A} =0,

and hence, since z* is a nonsingular point for the original NLP,
z -0z A% 60%)x > 0.
But, since the QP (3) has linear constraints, the Hessian of the Lagrangian of (3) is simply
V2q(z*) = V2(z*; \*;0%).

This shows that z* satisfies the sufficient conditions for a local minimizer of (3). QED

It follows from the previous theorem that, for z(*), A(*) ) sufficiently close to z*, A\*, 6*,
respectively, the QP (2) has a local minimizer p¥). Moreover, this solution eventually identifies the
correct active set of constraints, as the following theorem shows:

Theorem 1.3 Suppose f : R® - R, g : R® = R™, and h : R® — R are all twice continuously
differentiable and x* is a local minimizer and nonsingular point of the NLP

min f(z)
st. g(x)=0
h(z) >0



Suppose further that A\* and 0* are the corresponding Lagrange multipliers. Then there exist neigh-
borhoods N, of x*, Nx of \*, and Ny of 0* and functions

p : N, x N,xNy— R",
>\+ : NxXN)\XNg—>Rm,
0+ : NxXN)\XNg—>Rp

such that, for all z € N,, A € Ny, 8 € Ny, p(z, A,0) is the (locally unique) solution of the QP

1
min 3P V2U(x; N 0)p+ Vf(z) p

st. Vg(z)'p+g(z)=0 (4)
Vh(z)'p+h(z) >0

and Xt (z,),0), 0% (x,\,0) are the corresponding Lagrange multipliers. Moreover, p, AT, and 0%
are continuously differentiable and

p(m*7A*70*) = 07
A+(1‘*,A*,9*) = A*7
ot (2%, \*,0%) = 6.

Finally, the neighborhoods can be chosen sufficiently small that, for all x € N,, A € Ny, 8 € Ny, the
active set of (linearized) constraints determined by p(x, \,0) is the same as the active set determined
by =* for the nonlinear program. In other words,

{i : Vhi(z) p(z,\,0) + hi(z) =0} = A(z").
Proof: The proof is by the implicit function theorem. Consider the QP

1
min  op- V(A6 + V(") - p

st. V) p+g(x*) = (5)

which, by the previous theorem, has solution p* = 0 with Lagrange multipliers A\*, 8*. The vectors
p*, A*, 0 satisfy the first-order necessary conditions

V20(z*; X5 0%)p* + Vf(z*) — Vg(z*)A* — Vh(z*)0* =
Vg(z*)p* + g(z*)

0* (Vh(z*)'p* + h(z*))

Vh(z*)Tp* + h(z*)

o+

o
o o o oo

(AVARAY]

Defining F : R*Tm+P x RrHm+P — R+m+p by

{ V2(z; X\ 0)p + Vf(z) — Vg(x)At — Vh(z)0T -|
F(p,\*,0%52,),0) = Vg(z)"p + g(x) ,
[ 0 (Vh(z)"p + h(z)) J

it follows that
F(p*7A*79*;x*7A*79*) = 0'



The Jacobian of F' (with respect to the variables (p, AT,67)) is

V2U(x;0;0) —Vg(z) —Vh(z)
J(p,A\T,0;2,0,0) = Vg(z)T 0 0
O+tVh(z)T 0 diag(Vh(z)"p + h(z)) |

In particular,

{ V2(z*; X% 0%) —Vg(z*) —Vh(z*) ]
T = (052 N0 = | Vge)T 0 0
O*Vh(z*)T 0 H(z*)

(I have used the convention that if a lowercase letter, for example, v, represents a vector, then
the corresponding uppercase letter, for example, V', represents the diagonal matrix whose diagonal
entries are the components of the vector.) As discussed earlier, the matrix J* is nonsingular, and
therefore the implicit function theorem guarantees the existence of neighborhoods N, of x*, Ny of
A*, and Ny of 8* and functions

p : N x NyxNyg—R",
AT : N, x Ny x Ny - R™,
#t : N, x Ny, x Ny — RP

such that, for all z € N, A € Ny, 6 € Ny, p = p(z,\,0), \T = At (z,),60), 67 = 07 (z, \,0) form
the unique solution of

F(p,\",6%;2,X,0) = 0. (6)
Moreover, p, AT, 8T are continuously differentiable and
p(m*7A*70*) = 07
A+(1‘*,A*,9*) = A*7
ot (2%, A%,0%) = 6"

Next I will show that p(z, \,0) is the solution of QP (4) and At (x,\,0), 67 (x, \,0) are the
corresponding Lagrange multipliers. The equation (6) shows that three of the first-order necessary
conditions (the Lagrange multiplier equation, feasiblity with respect to the equality constraint,
and complementarity) hold for p(z,\,8) and the multipliers At (z, A,8), 87 (z, \,0). Since z* is a
nonsingular point, strict complementarity holds for * and 6*. It then follows, from the continuity
of p and 07T, that if (z, A, #) is sufficiently close to (z*, A\*,0*), then

i€ Alz*) = 0 (z,),0) > 0. (7)

Moreover, since p(zx, A, ) is arbitrarily small and h;(z) is positive for ¢ ¢ A(z*) and (z, \,8) suffi-
ciently close to (z*, \*,6*), it follows that

i@ Az*) = Vhi(z) p+hi(z) >0 8)

I will now assume that N, Ny, and Ny are chosen small enough that (7) and (8) hold for all z € N,,
A € Ny, and 0 € Ny. Since (6) implies

6+ (0,0, 0) (Vhi(w) - p+ hil2)) = 0, i = 1,2,...,p,

(7) implies that
Vhi(z) -p(z, A, 0) + hi(z) =0 for all i € A(z"),
while (8) implies that
0 (z,\,0) =0 for all i & A(z*).



Therefore, for all i = 1,2,...,p,
0 (z,A,0) > 0 and Vh;(z) - p(z, \,0) + hi(z) > 0.

I have now shown that p(z, A, 0), AT (x, \,6), and 8 (z, \, ) satisfy the first-order necessary condi-
tions for the QP (4), and also that p(x, A, ) defines the same active set (relative to the QP) as does
x* (relative to the original nonlinear program).

Since (4) is not necessarily a convex program (although the feasible region is a convex set, there is
no guarantee that the quadratic objective function is a convex function), it is necessary to show that
the second-order sufficiency condition holds. However, this follows by continuity, since the objective
function of the limit problem (5) has the necessary positive curvature. Therefore, p(z, A, ) is a
solution of (4). QED

Here is the local SQP algorithm for solving the general NLP

min  f(z)
st. g(z)=0
h(z) > 0.
Choose z(® € R, A\ € R™, and 6 ¢ R, §(©) > 0.
For k=1,2,3,...
Solve

min %p V2B AB 9y L T (P - p

st. Vg™ I'p 4+ gz®)=0
V(") Tp + h(z®) >0

to get the solution p(¥) and Lagrange multipliers A(¥+1)  g(k+1)
Set m(k+1) — a’;(k) +p(k)

Example 1.4 Consider the NLP

min  f(z)
st. g(z)=0
h(z) > 0,
where
flx) = o} +2(x2 —2),
g(l’) = Z’% — T2,
h(z) = 1—z?—23.

The feasible set is the part of the parabola x> = x3 lying inside the circle 23 + x2 = 1. I apply the
SQP algorithm described above, using z(® = (-3,2), A0 =0, 60 = 0. The results of the first
four iterations are illustrated in Figure 1, while the first size iterations are recorded in Table 1. The
ezact solution is

*

2
_ (=145
xr = 2

—1+V5
2



Figure 1: Four iterations of the local SQP method applied to the NLP from Example 1.4. The
feasible set is the part of the parabola inside the circle. The linearized equality constraint is the
dashed line, while the linear inequality constraint is indicated by the dotted line. The asterisk
indicates z(® and the small circle z(¥t1) k = 0 (upper left), k = 1 (upper right), k = 2 (lower left),
and k = 3 (lower right).

It remains only to analyze the rate of convergence of z*) — z*, X*¥) — X\* and %) — §*. The
vectors p(®) | X*E+1) "and 9(k+1) gatisfy the optimality conditions for the QP

min %p V2 NP 00y 4 V() - p

st Vg I'p4 gz®) =0
Vh(a)Tp + h(z®) > 0,

which include the equations

V20(z®); A®); 90 p(k) 4 7 20y — Tg(z R )ARFD — Th(z*))ek+D) = g
V(™) 'p*) + g(=) = o, 9)

However, since I have already proved that, for (z(®), A\(*) §(F)) sufficiently close to (z*, \*,6*), the
QP has the same active set of constraints as the NLP, I know that

Vh(z")Tp® 4 (™) =0, i € Az*).



|z* — =] A k)
2.6098 0.0000 | 0.0000
9.5979-10 ' | 1.2444 | 0.68889
2.5192-107" | 2.4849 | 1.6538
3.0072-10"7 | 2.9860 | 2.0215
5.5362-10~* | 3.0242 | 2.0255
1.9479-10 7 | 3.0249 | 2.0249
2.6198 - 1072 | 3.0249 | 2.0249

DU x| W N =] O

Table 1: Six iterations of the SQP method applied to Example 1.4. See also Figure 1.

I now introduce the following notation:

.A(l'*) = {il,iz,...,iq},
hil (CU)
hiz (1.)

h(z) :
hiq (.T)

Thus h : R® — R is the vector-valued function whose components are the components of h defining
active constraints at = z*. Then, for (z(*), A\(¥) §(¥)) sufficiently close to (z*, \*,6*), p¥), X(k+1)
6(++1) satisfy

VZg(x(k); A(k);g(k))p(k) + Vf(a:(’“)) — vg(x(k))A(kJrl) — Vh(x(k))g(kﬂ) = 0,
Vg™ p® +g(™) = 0, (10
Va(z™)Tp® £ h(z®) = o.

On the other hand, if A(z*) were known, then (z*,\*,6*) could be computed by applying
Newton’s method to the system

Vi) = Vg(@)A = Vh(@)§ = 0,

g(z) = 0,
h(z) = 0.
The Newton step at (z(*), )\(’“),g(k)) takes the form
[ V20 00;8Y) _vga®) —Vh®) p®
Vg(z)T 0 0 AlEFL) — A ()
| VAE®)T 0 0 gt g
[ =V (z®) + Vg(z®)AE L Vh(z*))*)
= _g(x(k))
L —h(z™M)

It is now easy to rearrange this system and show that it is equvilent to (10). It follows that

2 ® g A0 s g L

quadratically (assuming z* is a local minimizer and nonsingular point of the original NLP). More-
over, for k sufficiently large, ng) =60 =0if i ¢ A(z"), and hence 6 — @* quadratically as
well.



