Globalizing Newton’s method: line searches (IT)

Mark S. Gockenbach

I begin by showing that, under mild conditions, the Wolfe conditions can be satisfied.

Theorem 0.1 Suppose f : R™ — R is continuously differentiable, z*) € R™, and p® is a descent
direction for f at z®). Suppose further that f is bounded below on the ray {Cl?(k) +ap® o> 0}.
If 0 < ¢1 < ¢ < 1, then there exists an interval [a1,as], 0 < a1 < az, such that

f@® +ap®) < f(@) + 1oV f(2) - p*

and
Vf(a:(k) + O4,(16)) ) > 02Vf(m(k)) - ptF)

for all a € [ay, as].

Proof I use the usual notation
¢() = f(@™ +ap®), a > 0.
Since ¢'(0) < 0 and 0 < ¢; < 1, it is easy to show that

¢(a) < $(0) + c1a¢'(0) (1)

for all « sufficiently small. Moreover, since ¢ is bounded below by assumption, (1) clearly fails for
« sufficiently large. Therefore, if T define

a=sup{a >0 : ¢(a) < ¢(0) + c1a¢'(0)Va € (0,&)},

then @ exists and is finite. Moreover, ¢(a@) = ¢(0) + ¢1@¢’'(0). By the Mean Value Theorem, there
exists 8 € (0,@) such that

¢(@) - $(0)
$(0) + c1a¢(0) — #(0)

(07

¢'(B) =

= c¢'(0)
> ¢’ (0) (since ¢y > ¢; and ¢/'(0) < 0).

By the continuity of ¢', there exists an interval (a1, as) C (0,&) around 3 such that
¢'(a) > c24'(0) (2)

for all a € (a1,a2). But then, by construction, both (1) and (2) hold for a € (a1,a2). QED

A little thought shows that, in fact, the strong Wolfe conditions are satisfied for a in the interval
(a1, as) constructed in the proof of the previous theorem. This follows from the fact that ¢'(3) < 0,
and hence

¢'(B) > c2¢/(0)



implies that
16"(B)] < e214'(0)] -
I can now show that any descent algorithm employing a line search that satisfies the Wolfe
conditions is globally convergent in a certain sense. I begin with a technical result. The reader
should recall that the angle # between two vectors p,q € R™ is defined! by
p-q
1Pl

Theorem 0.2 (Zoutendijk) Suppose f : R® — R is continuously differentiable and that Vf is
Lipschitz continuous on an open set N containing the lower level set {x € R : f(z) < f(z(®)}.
Suppose that the sequence {x(*)} is defined by

cosf =

3)

e+ = g(k) 4 akp(k), k=0,1,2,...,

where, for all k, p'*) is a descent direction for f at *) and oy, is chosen to satisfy the Wolfe

conditions. Then
o0

D cos® b |V f(zW)[]* < oo,
k=1

where By, is the angle between —V f(x(F)) and p®.
Proof Let L be the Lipschitz constant for V f on IV, so that
IVf(x) =V < Lllz — y|| for all z,y € N.
Then, using the Cauchy-Schwarz inequality and the Lipschitz continuity of V f,
(VAH) = T5®)) -p® < [F*D) = Vi) p*®] < Lagllp® |
On the other hand, the curvature condition implies that
(VF®D) = V™)) - p8 > (e - HViE®) - p®.
Putting together the previous two inequalities yields a lower bound on ay:

- (k) . pk)
o > (2 = DI 50 W
LIp[?

(This result shows explicitly how the curvature condition prevents short steps.) Substituting (4)
into the sufficient decrease condition, I can derive a lower bound on the decrease in f:

F@® ) — f@®) < e ViE®) . p®
ci(ea — 1) (Vf(a®) - p®)?

<

L||p(k)||2
_ cr(e2 —1) (Vf(g;(k)) .p(k))2 A
= L ||Vf(a:(k))||2||p(k)||2”vf(w(’”))H?
cr(e2 —1)

= ———— s B[V,

which implies that

A o VSN < F) — F0D),

IIn R2? or R3, (3) follows from trigonometry, while for n > 3, (3) is a definition.



Since N
> (£@) = ft)) = @) - f?)
k=0

(telescoping sum) and f is bounded below, it follows that

oo

> (F@®) - f@)) < oo

k=0
and hence that
o0
Z cos? O ||V £ (z™)]|? < oo.
k=0

QED
The consequence of Zoutendijk’s result is the following: If f is bounded below and the angle
between p*) and —V f(z(*)) is bounded away from 90°, say 0 < 6 < 6 < 90, where f is a constant,
then
cos? B, > cos?d > 0 for all k.

It then follows that
IV £ (&™) = 0 as k — oco. (5)

This is more or less the best global convergence result that can be proved for line search methods.
If, for example, the lower level set S = {z € R" : f(z) < f(2(®))} is compact, then the sequence
{z®)} is bounded and hence at least a subsequence converges to some z*, and (5) shows that the
limit point z* is a stationary point. Since {a:(k)} is generated by a descent algorithm, it is easy to
show that the stationary point cannot be a local maximizer; however, it is not possible to rule out
convergence to a saddle point.

To guarantee that the angle between —Vf(a:(k)) and p® is bounded away from 90°, it suffices
to ensure that the condition numbers of the Hessian approximations Hy, are uniformly bounded.

Definition 0.3 The condition number of A € R™*"™ is defined by
cond(A) = [|A[lllA7]I,
where the norm is taken to be the operator norm.?
For a symmetric positive definite matrix A,
ANl = Amaa (4), 1AM = Amin(4) 7,
and hence the condition number reduces to ratio of the largest eigenvalue of A to the smallest:

Amaz (A)

Theorem 0.4 Suppose f : R™ — R is continuously differentiable and p*) = —Hk_IVf(:r(k)), where
{H} is a sequence of symmetric positive definite matrices. If there exists M > 0 such that

cond(A) =

cond(Hg) < M for all k=0,1,2,...,

then
1
cos 6y > U
where cos By, is the angle between —V f(z™*)) and p*).

2 Actually, there are many condition numbers, one for each choice of vector norm and induced operator norm. I am
using the Euclidean norm for vectors, which induces a particular operator norm for matrices and hence a particular
condition number.



Proof By definition,

—Vi@®) p® VW) B V)
IV £GP WI 1V f@E)HE Y f @)

cosfy, =

Any symmetric matrix A € R"*" satisfies
Amin(A)||z|]> < - Az < Apao (A)||z||? for all z € R,

and hence
Vi®) - HeVF(@®) > Apax (Hi) IV f (517,

since the eigenvalues of H, ! are the reciprocals of the eigenvalues of Hy,. Also,
IHZV @) < WHZ MV F @) = Xin (Hi) IV F (D).
Therefore, for all k,

Amaz (He) HIVF@DP _ Amin(Hr) _ 1 1
Amin(He) THIVF@®)? " Amae (Hi) — cond(Hy) = M’

cosfy >

QED

If the Hessian approximations Hj, are generated by direct modification of V2 f(z(¥)), then the
condition numbers of the matrices Hy can be bounded by design, thus ensuring convergence. In
the case of the BFGS method, it is apparently not possible to bound the condition numbers, and
therefore it is more difficult to prove global convergence (global convergence can be proved for BFGS,
albeit under more restrictive hypotheses).

There are a couple of theoretical points left to address. The reader will recall that the idea of
a line search and the Wolfe conditions is to create a globally convergent algorithm out of Newton’s
method or a quasi-Newton method (such as the BFGS method), which are only locally convergent.
However, the line search should not interfere with the fast local convergence of quasi-Newton frame-
work. Therefore, it is essential to know that «j = 1 satisfies the Wolfe conditions for all £ sufficiently
large, so that, for instance, Newton’s method with line search reduces simply to Newton’s method
when a neighborhood of the solution is reached.

I will state the result only for Newton’s method itself, although a similar result can be stated and
proved for secant methods such as BFGS. The proof of the following theorem is left as an exercise.

Theorem 0.5 Suppose f : R™ — R is three times continuously differentiable and x* satisfies the
sufficient conditions for a local minimizer of f (Vf(z*) = 0 and V2f(x*) positive definite). If
Newton’s method generates a sequence {Cﬂ(k)} converging to x*, then ap = 1 satisfies the Wolfe
conditions (in fact, the strong Wolfe conditions) for all k sufficiently large, provided ¢y < 1/2 in the
sufficient decrease condition. In other words, if

P ==V f ")V i),
then for all k sufficiently large,
£ (#® +p)) < f@9) + e VD) - p®

and
Vi® 4+ p®y . p*) > e, v (k) - ph),

Finally, I asserted earlier that, if the line search is of the backtracking type, then it is not
necessary to enforce the curvature condition (unless it is needed for BFGS updating) in order to
obtain global convergence.



