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1 Introduction

I will now analyze the performance of the logarithmic barrier method for the inequality-constrained
nonlinear program

min f(x) (1)

s:t: h(x) � 0: (2)

My approach will be the same as for the quadratic penalty method or the augmented Lagrangian
method: I apply the implicit function theorem to a system of equations de�ning the �rst-order
necessary conditions.

2 Existence of minimizers of the logarithmic barrier function

The logarithmic barrier function is

B(x;�) = f(x)� �

pX
i=1

log (hi(x));

and so

rB(x;�) = rf(x)� �

pX
i=1

1

hi(x)
rhi(x)

= rf(x)�rh(x)(�h(x)�1):

Therefore, a stationary point of B(�;�) must satisfy

rf(x) �rh(x)�;

where
� = �h(x)�1:

This last equation can be written
�h(x) = �e;

where e is the vector of all ones and �h(x) is de�ned by

�h(x) 2 Rp; (�h(x))i = �ihi(x); i = 1; 2; : : : ; p:

The result is the system

rf(x) �rh(x)� = 0; (3)

�h(x) = �e (4)

1



of n+ p equations in n+ p unknowns (the components of x and �).
The reader will recall that the �rst-order conditions for a minimizer of (1{2) are

rf(x�)�rh(x�)�� = 0;

h(x�) � 0;

�� � 0;

��h(x�) = 0:

Equations (3{4) are thus the Lagrange multiplier equation together with a perturbation of the
complementarity condition. I will de�ne F : Rn �Rp �R! Rn �Rp by

F (x; �;�) =

�
rf(x) �rh(x)� = 0

�h(x) � �e

�
:

If x� 2 Rn and �� 2 Rp satisfy the �rst-order necessary conditions, then

F (x�; ��; 0) = 0:

In order to write the Jacobian of F conveniently, I will adopt the following convention: For any
vector denoted by a lower-case letter, the corresponding capital letter will indicate the diagonal
matrix with the components of the vector as the diagonal entries. In particular, I write

� =

2
6664

�1
�2

. . .

�p

3
7775 ; H(x) =

2
6664

h1(x)
h2(x)

. . .

hp(x)

3
7775 :

The Jacobian of F (with respect to (x; �)) is

J(x; �;�) =

�
r2`(x;�) �rh(x)
�rh(x)T H(x)

�
:

In order that the implicit function theorem be applicable, it is necessary that the Jacobian J� =
J(x�; ��; 0) be nonsingular. As I will show below, this is true only if x�; �� satisfy strict comple-

mentarity:
Exactly one of ��i and hi(x

�) is zero: (5)

I will therefore de�ne x� to be a nonsingular point of the NLP (1{2) if

1. x� is a regular point;

2. there exists a Lagrange multiplier �� such that

(a) x� and �� satisfy the strict complementarity condition;

(b) x� and �� satisfy the second-order su�cient condition.

Given that strict complementarity holds, the second-order su�cient condition reduces to

z 6= 0; rhi(x
�) � z = 0 for all i 2 A(x�) ) z � r2`(x�;��)z > 0:

I can now show that

J� =

�
r2`(x�;��) �rh(x�)
��rh(x�)T H(x�)

�
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is nonsingular. Suppose (z; w) 2 Rn �Rp satis�es J�(z; w) = 0. Then

r2`(x�;��)z �rh(x�)w = 0; (6)

��rh(x�)T z +H(x�)w = 0: (7)

The second equation yields

��irhi(x
�) � z + hi(x

�)wi = 0; i = 1; 2; : : : ; p: (8)

If hi(x
�) = 0 (that is, if i 2 A(x�)), then (8) shows that

��irhi(x
�) � z = 0:

By strict complementarity, hi(x
�) = 0 implies that ��i > 0, and so

i 2 A(x�) ) rhi(x
�) � z = 0: (9)

On the other hand, hi(x
�) > 0 implies that ��i = 0, and so (8) yields

hi(x
�)wi = 0

and hence
i 62 A(x�) ) wi = 0:

Taking the dot product of (6) with z, I obtain

z � r2`(x�;��)z � z � rh(x�)w = 0: (10)

But

z � rh(x�)w = (rh(x�)T z) � w =

pX
i=1

wirhi(x
�) � z = 0;

since, for each i, either wi = 0 or rhi(x
�) � z = 0. Therefore, (10) becomes

z � r2`(x�;��)z = 0;

which, since z satis�es (9), shows that z = 0. Finally, since wi = 0 for i 6= A(x�) and z = 0,
Equation (6) yields

rh(x�)w =
X

i2A(x�)

wirhi(x
�) = 0: (11)

Since x� is a regular point of the NLP,

frhi(x
�) : i 2 A(x�)g

is linearly independent, and so (11) shows that w = 0.
I have therefore showed that J�(z; w) = 0 holds only for (z; w) = 0, which proves that J� is

nonsingular. The implicit function theorem then shows that there exist �̂ > 0 and continuously
di�erentiable functions x : [0; �̂]! Rn and � : [0; �̂]! Rp such that

x(0) = x�; �(0) = ��

and

rf(x(�)) �rh(x(�))�(�) = 0;

�(�)h(x(�)) = �e
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for all � 2 [0; �̂]. Moreover, x(�) and �(�) form the unique solution to this system in a neighborhood
of (x�; ��).

I still need to show that �(�) > 0 and h(x(�)) > 0 for � 2 [0; �̂] (so that x(�) is a strictly feasible
point and hence a candidate for a minimizer of the logarithmic barrier function). But this follows
from the continuity of x and � and from the strict complementarity of x�, ��. The equation

�i(�)hi(x(�)) = � > 0

shows that �i(�) and hi(x(�)) are either both positive or both negative. For i 2 A(x�), ��i is positive
and hence, by continuity, so is �(�) for all � su�ciently small. On the other hand, for i 62 A(x�),
hi(x

�) is positive and therefore so is hi(x(�)) for all � su�ciently small. Thus, in either case, �i(�)
and hi(x(�)) are both positive for all � su�ciently small.

Finally, I have shown that x(�) is a stationary point of B(�;�) for all � su�ciently small. It
remains to prove that r2B(x(�);�) is poisitive de�nite and hence that x(�) is a local minimizer of
B(�;�) for all � su�ciently small. I can write the Hessian in the following way:

r2B(x(�);�) = r2`(x(�);�(�) +
X

i62A(x�)

�i(�)

hi(x(�))
rh(x(�))rh(x(�))T +

X
i2A(x�)

�i(�)

hi(x(�))
rh(x(�))rh(x(�))T :

For all � su�ciently small, the �rst two terms are positive de�nite on all z satisfying rhi(x
�) �z = 0

for all i 2 A(x�), while the third term vanishes on all such z. On the other hand, the �rst term is
bounded, the second term nonnegative, and the third term large and positive when acting on any
z for which rhi(x

�) � z 6= 0 for some i 2 A(x�) (provided � is small). Using these ideas, one can
construct a rigorous proof that r2B(x(�);�) is positive de�nite for all � su�ciently small. The
details are left to the reader.

This proves the following theorem:

Theorem 2.1 Suppose f : Rn ! R and h : Rn ! Rp are twice continuously di�erentiable and x�

is a local minimizer and nonsingular point of

min f(x)

s:t: h(x) � 0:

Then there exist �̂ > 0, a neighborhood N of x� and a continuously di�erentiable function x :
[0; �̂]! N such that

1. for all � 2 [0; �̂], x(�) is a local minimizer of the logarithmic barrier function B(�;�); and

2. x(�)! x� as �! 0;

3. �(�) = �h(x(�))�1 ! �� as �! 0, where �� is the Lagrange multiplier corresponding to x�.

3 Rate of convergence

Earlier I presented an example in which I applied the logarithmic barrier method to solve a simple
inequality-constrained nonlinear program. In that example, kx(�) � x�k = O(�) was observed to
hold. The following theorem shows that this is typical.

Theorem 3.1 Suppose f; h; x�; ��; x : [0; �̂] ! Rn; � : [0; �̂] ! Rp are all as in the previous

theorem. Then

kx(�)� x�k = O(�) and k�(�)� ��k = O(�) as �! 0:
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Proof: Since both x and � are continuously di�erentiable and x(0) = x�, �(0) = ��, I can write

x(�) = x� +

Z �

0

_x(�) d�;

�(�) = �� +

Z �

0

_�(�) d�:

Assuming that, for some constant M ,

k _x(�)k �M; k _�(�)k �M (12)

for all � su�ciently small, then

kx(�)� x�k �

Z �

0

k _x(�)k d� �

Z �

0

M d� = �M;

and similarly for �. So it su�ces to prove (12).
The functions x and � satisfy the equations

rf(x(�)) �rh(x(�))�(�) = 0;

�(�)h(x(�)) = �e:

Di�erentiating with respect to � yields the following system of equations for _x(�), _�(�):

r2`(x(�);�(�)) _x(�) �rh(x(�)) _�(�) = 0;

�(�)rh(x(�))T _x(�) +H(x(�)) _�(�) = e:

In matrix-vector form, the system is

�
r2`(x(�);�(�)) �rh(x(�))
�(�)rh(x(�))T H(x(�))

� �
_x(�)
_�(�)

�
=

�
0
e

�
;

and thus �
_x(�)
_�(�)

�
=

�
r2`(x(�);�(�)) �rh(x(�))
�(�)rh(x(�))T H(x(�))

��1 �
0
e

�
:

Since �
r2`(x(�);�(�)) �rh(x(�))
�(�)rh(x(�))T H(x(�))

�

converges to the nonsingular matrix

�
r2`(x�;��) �rh(x�)
��rh(x�)T H(x�)

�

as �! 0, it follows that �
r2`(x(�);�(�)) �rh(x(�))
�(�)rh(x(�))T H(x(�))

��1

is uniformly bounded in norm, say by ~M . This gives






�

_x(�)
_�(�)

�



 =






�
r2`(x(�);�(�)) �rh(x(�))
�(�)rh(x(�))T H(x(�))

��1










�
0
e

�



 � ~M






�
0
e

�



 =M:

This gives the desired bounds on k _x(�)k and k _�(�)k. QED
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4 Advantages and disadvantages of the logarithmic barrier

method

The advantages and disadvantages of the logarithmic barrier method are very similar to those of the
quadratic penalty method. On the one hand, the method is fairly simple to implement, assuming
that a good code for unconstrained minimization is available. On the other hand, assuming the
barrier parameters are chosen as �k = �k�0, the convergence of fx

(k)g to x� is only linear. Moreover,
it is easy to show that the problem of minimizing B(�;�) becomes arbitrarily ill-conditioned as �! 0.
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