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A Covering array
� � ��� �	��
	�

����

of

size
�

, strength
�
, degree

�
and order

�
is

Every
�
-tuple at least once

Entries from a
�
-set

�
�

Example: A
� � ������
	��
���
����

����� ������� ��� � ��!� ���"� ���#� ���$�� ���%� �����&��� � ��'�$�!� ��� ��� �"�%�� �%�����#� �������$�
� � � �(��
)�

��*� +

min , � -
there is a

� � ��� 
.��
	�

��*�0/
.

So,
� � � ����
)�1
	�2� 3 �4�

.

5



What’s known for
��+ �

,
� + �

Katona 1973, Klietman & Spencer 1973:

� + 5 � 6 �798 :<; =

>?????????????????@ ?????????????????A

������
...
...
...�

8 B!CD EGF H�4� ���4�� �I�"�4��I�4�"�4�� �4�J� ��I� �J� ��4�I��� �� �4���I��I� ���I��4�I�"�I��4�4�J�4�

K 7L8 :M;
-subsets

of an
� 6 �

-set

This is optimal and for
�

large it implies� + NPORQ � S �� NPORQ NTO4Q � UVUWU
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What’s known for
��+ �

,
� X �

Gargano, Körner, Vaccaro 1990:� + �� NPORQ �4��� S YZ���Z�[�
Probabilistic — No explicit construction !

Only a few exact values are known.

For
��+ �

,
� + �

:

� -Z� � \ � ] ^ 6 �_� �_� 6 �I] UWUWU� -*` ` ` ��� 3 �a� 3 �J� 3 �ab UWUWUcD EGF H
Östegård
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What’s known for
��+ �

,
� + �

dfe : e9e9eLgihkj"lkm C�n o m Cqp(pF HGD E
Klietman & Spencer 1973 r s�t 8

mudfvwlxv : p r y e{zMe9e9eLgihkj"lkm C�n o m CWp.pF HGD E
Roux 1987

Probabilistic — No explicit construction !

Only a few exact values are known.

� -|� \ � ] 6 �4� �_� 6 �f\ �J] UWUVU� -|b b �J� �_� 3 �J] 3 �_^ UWUVUcD EGF H
Kreher & Tonchev

A table of bounds for
� } �~
)^4^���
��4] �

is given in the
survey:

N. Sloane, Covering Arrays and Intersecting Codes,
JCD 1, 51-63 (1993).
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Two Small Constructions

0

�4 1

23

Constructing a
� � ���4������
�]1
	���

.

Step 1

0 � 0 � 1 � 2 � 3 � 4 �
1 � 1 4 2 0 3 1 4 2 0 3

2 � 2 3 3 4 4 0 0 1 1 2

0 0 1 2 2 1
1 1 0 1 2 2
2 2 1 0 1 2
3 2 2 1 0 1
4 1 2 2 1 0� 0 0 0 0 0

We get a starter array �
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Step 2

Let � +
Sym , �1
��~
	�'/ and apply � to �� � � 
)� �M+ � � �[� 
 � ��� 
 � ��� 
 � ��� 
 � ��� 
 � ��� 
)� �

.m�� p m CWp m : p mw��v C v : p m��fv : v CWp m C v : p m���v Cqp m��fv : p� C :&: C C : �&� : : � C&C � � : C&C : C � :&: � : C �!� CC :&: C � : ��� : C � C�C � : : C�C : � � :�: � C C ��� C ::!: C � C �!� : C : C&C � : � C&C : � : :&: � C � �&� C : C: C � C : � : C : � C � : � C C : � : C : � C � : � C : C �C � C : : : C : �&� � : � C&C : � : C&C � C � :!: C : C �&��!�&�&� � C!C�C&C&C :&:�:&:&: �&���&�&� C&C�C&C!C :&:�:!:&:
� C :� C :� C :� C :� C :� C :F HGD E�
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On 3-tuples � has 5 orbits:

1. , �.��
.��
���� -f� �+ �~/
2. , �.��
���
(�2� -f� �+ �~/
3. , ����
(��
.�2� -f� �+ �~/
4. , �.��
���
��J� -f� �+ � �+ � �+ ��/
5. , �.��
.��
.��� -_� �+ � �+ � �+ �2/

Consider any 3 rows � 
w��
	� � , �1
���
	��
	��
�\"
 � /
.

  ¡   ¢ ¡ ¢    ¢ ¡   ¡ ¡¢ ¢£ £ £ £ £� � x x y x x� � x y x y y� � y x x z z

Therefore
� � � 
	� � is a

� � �����<�¤��
�]'
	���
.
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Theorem.� � � �(��
)�

��*� ¥ � U¦� � � �(� 6 ��
)� 6 �~
§�*�
proof.�4��� ¨W¨V¨¦� �4��� ¨W¨V¨	�

F HGD E8 � F HGD E8 �

UWUVU
�a�_� ¨V¨W¨��

F HGD E8 ©
Each are

� � ��� ª§����6 ��
�� 6 �~
§�*�
. []

So,��� ¥ � � � ����
)]1
����F HGD E
construction

¥ � U�� � � ����
)�1
	�2�F HGD E
Theorem

+ ��U �4�F(HGD(E
Östegård

+ ���

Theorem.
� � � ����
�]'
)��� + �4�
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Constructing a
� � ��b�\M����
	b�
§\1�

.

Step 1

Get one-factorization of « ¬ with vertex set

GF
��b�� + ­ : �¯® �±°Z�.� d S � S �Z�+ , �'
¦�~
���
²� : 
²� d 
V¨W¨W¨V
²� y /�¨

0 � ³ ´�µ ³ ´·¶ ³ ´�¸ ³ ´²¹ ³ ´²º ³ ´�» ³ ´§¼
1 � ´ ¶ ´ ¹ ´ ¸ ´ º ´ ¹ ´ » ´ º ´ ¼ ´ » ´ µ ´ ¼ ´ ¶ ´ µ ´ ¸
2 � ´�¸ ´�¼ ´²¹ ´§µ ´²º ´·¶ ´�» ´²¸ ´§¼ ´�¹ ´§µ ´²º ´�¶ ´�»
3 � ´²º ´²» ´²» ´§¼ ´§¼ ´§µ ´§µ ´�¶ ´·¶ ´�¸ ´�¸ ´�¹ ´²¹ ´²º

0 0 0 0 0 0 0 0� �
0 2 3 3 1 2 1��C
1 0 2 3 3 1 2� :
2 1 0 2 3 3 1� d
1 2 1 0 2 3 3��½
3 1 2 1 0 2 3� z
3 3 1 2 1 0 2��¾
2 3 3 1 2 1 0

We get a starter array �
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Step 2

Let � +
Alt , �1
���
���
)��/ and apply � to �� � � 
	� �<+ � � � � 
 � � � 
 � � � 
V¨W¨V¨W
 � � �9� 
)� �

Here
� + � �¿� �� �¿� �

...� �¿� �
À ???Á???Â 8 rows

On 3-tuples � has 6 orbits:

1. , �.��
.��
���� -f� �+ �~/
2. , �.��
���
(�2� -f� �+ �~/
3. , ����
(��
.�2� -f� �+ �~/
4. , �.��
���
��J� -f� �+ � �+ � �+ ��/

Two orbits
5. , �.��
.��
.��� -_� �+ � �+ � �+ �2/
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Consider any 3 rows � 
w��
	� � , �1
���
²� C 
²� : 
V¨W¨W¨V
²� ¾ / .
  ¡   ¢ ¡ ¢        ¢ ¡   ¡ ¡ ¡ ¡¢ ¢ ¢ ¢
£ £ £ £ £ £ £� � x x y x x x x� � x y x y y y y� � y x x z z z zF HGD E

4 chances

So this works.

Theorem.� � � ����
	b�
�\1� 3 ^ Ã �a� S \ + b4b
Corollary.� � � ����
	^�
�\1� 3 ���
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Sample

On rows
� : 
²� ½ 
.� z

we get:

3

1

2

3

2

0

3

0

1

1

2

20

1

2

1

1

3

2

3

3

even=(0,3,2)

odd=(0,3,1,2)

Bummer!

Yea!
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Using the affine group� Ä �§Å�� + , � Æ� Ç � S È!
 Ç 
(È � � Ä �§Å���
 Ç �+ ÈM/
could lead to

� � � ����
	��Åa
	Å�� 3 ����Å 6 �|�¤Å :
,

but ..... it still eludes us.
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The next case ÉËÊ z
: The are 396 one-factorizations of Ì ÍÏÎ .

One-factorization of Ì ÍÏÎ has Ð one-factors.

One-factor’s labeled by �<Ñ m�z p Ê ÒfÓ in
z*Ô Ê C : � ways.

Search space has size C : �ÖÕ1× :ÖØwÙ . e9e9eLe9e9e9e9e9e9e9e9e9e9e9e9e9e9e Too big!

Staszek observes, we use � Ê t Ñ muz p as automorphism group.

Only ¾ Ê C : �ÛÚqm�zÝÜ ½ p cosets of t Ñ muz p in Þ_ß�à m�z p .
Search space is only of size ¾ Õ�× :�Ùâá . e9e9e9e9e9e9eLe9e9e9e9e9e9e9e Feasible!

The unique solutions is:

ã Ê

� � � � � � � � �� C C C C C C C CC � C d ½ : ½ d :C C � ½ d ½ : : dd ½ : � C : d ½ dd : ½ C � d : d ½: ½ d d : � C : ½: d ½ : d C � ½ :½ : d : ½ ½ d � C½ d : ½ : d ½ C �
ä ã åJv

s�æ is a s"t
m C ¬ z|çèdfv C ��v�z p . e9e9eLe9e9e9e9e9e9e9e9e9e9e9e9e9e9e9e Way cool!
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Permuting rows and columns we get

ã Ê

� C C C C C C C C� � � � � � � � �C C � ½ : : d ½ dC � C : ½ d : d ½: d ½ C � ½ : : d: ½ d � C : ½ d :½ d : d ½ C � ½ :½ : d ½ d � C : ½d : ½ d : d ½ C �d ½ : : d ½ d � C

This has the form

�� é é é éêê ë t Í t
Ù
t
áê Ùê Ù ì

t
á ë t Í t

Ùê áê á ì
t
Ù ì
t
á ë t Íê_íê í ì

t Í
ì
t
Ù ì
t
á ë
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Choosing different representatives and adding column of 0s

ã Ê

� � � � � � � � � �� � C C : : ½ ½ d d� C C � d ½ d : : ½� C � C ½ d : d ½ :� : d ½ : � C d C ½� : ½ d � : d C ½ C� ½ d : C d ½ � : C� ½ : d d C � ½ C :� d : ½ C ½ : C d �� d ½ : ½ C C : � d
Which is symmetric
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Using Gargano, Körner, Vaccaro result for
l

we have

s�t 8
m : vwlxvÏî p Ê î: gihkjJm�lkm C�n o m Cqp(p

so the recursive upper bound suggest that

s�t 8
mudfv�l n C vÏî p"ï î Ù: gihkjImwlkm C"n o m CWp(p

Using perfect hash families and orthogonal arrays instead of starter
arrays and groups we can get using a result of Atici,Magliveras,
Stinson and Wei:

s"t 8 m�dfv�z
ÙÏð vÏî p"ï d$Ü ½[ñ î á v for all ò

So

s�t 8
mudfv�lxvÏî p"ï d¦î ám9gihkj�z p Ù m9gihkj�l p Ù v when

l Ê z Ùóð
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What Atici, Magilveras, Stinson and Wei really prove is:

Let t Ê Every ô rows satisfies õ
Entries from a v-set

ö
¢

where ÷ is a property that does not depend on the ordering of
the ø rows and gcd

mwlxv�ùûúÙGü Ô p Ê C , then there is an array é such
that

é Ê Every ô rows satisfies õ
Entries from a v-set

ý ùÿþ¸ ü�� � � ö
¢ ¸

There is a s"t mudÛd|çèdfv�zfv�d p .� s"t
m�dÛdÝÜ ½ çèdfv�z Ù v�d p � s�t

m�dÛd$Ü ½ Ù çâdfv�z Ù�� v�d p� s�t m�dÛd$Ü ½
á çâdfv�z Ù�� v�d p� Ü9Ü9Ü � s"t mudkd#Ü ½ ñ çèdfv�z

Ùóð v�d p
So

s"t 8 mudavulxv�d p�ï
dÛdm9gihkj�z p Ù mLg hkj l p Ù × ¾ e C : m9gihkj"l p Ù

when
l Ê z ÙÏð

.
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