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Abstract. In this paper, we conduct a goal-oriented a posteriori analysis for the error in a
quantity of interest computed from a cell-centered finite volume scheme for a semilinear elliptic
problem. The a posteriori error analysis is based on variational analysis, residual errors and the
adjoint problem. To carry out the analysis, we use an equivalence between the cell-centered finite
volume scheme and a mixed finite element method with special choice of quadrature.
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1. Introduction. Evaluating the predictive capability of numerical simulation
of a complex physical model requires quantification and control of numerical and
modeling errors. Over the last two decades, there has been substantial development
of goal-oriented a posteriori error estimation based on duality and adjoint operators
for finite element methods, see [14, 12, 13, 16, 5, 18, 8] and the references therein.
However, the application of this approach to popular finite difference and finite volume
methods has lagged behind. Part of the problem is that these approaches do not fit
into a variational framework as naturally as finite element methods.

Our particular interest is in finite volume schemes, which are especially useful for
solving partial differential equations that represent conservation laws. Many examples
can be identified in fields such as computational fluid dynamics, magnetohydrodynam-
ics, heat transfer, and flow in porous media since their derivation, which is based on
the integral formulation of conservation laws, yields a discretization that locally pre-
serves conservation at the discrete level. The similarity of this approach to the weak
formulation led to early observation of the ability of finite volume methods to faith-
fully reproduce weak solutions that are only piecewise smooth, such as shocks [23, 24].
Moreover, finite volume discretizations are relatively simple to implement.

There has been considerable work on convergence analysis of finite volume meth-
ods (see [17] for an extensive review). Classical analysis of discretization methods for
partial differential equations tends to focus on estimating the error in global norms,
such as the L? and energy norms. In practice, however, this may not be meaningful.
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Often, the practical goal for solving a differential equation is to compute specific in-
formation from the solution. In that situation, the concern is the error in the desired
information, which may not have much to do with the error in some global norm. In
contrast, the goal of the a posteriori error analysis conducted below is to estimate the
error in a quantity of interest that can be represented as a linear functional, e.g. the
average error over some subdomain or the error at a point or along a line segment.

We note that there are other kinds of a posteriori error analysis. In particular,
there is an extensive literature on the derivation of a posteriori error bounds, usually
targeted for the energy norm. The error in the energy norm may or may not have
much to do with the error in particular quantity of interest, and generically error
bounds are much larger than error estimates that allow for the effects of cancellation
of error. On the other hand, a posteriori error bounds have the benefits of yielding
provable upper bounds and optimal order dependence on discretization parameters.

The literature on a posteriori error analysis for finite volume methods is relatively
slim compared to that for finite element methods. In terms of goal-oriented estimates,
T. Barth [7] derives a posteriori error estimates for hyperbolic conservation laws with
specialized variants given for the Godunov finite volume and discontinuous Galerkin
finite element methods. A posteriori error estimation for Godunov finite volume
methods and discontinuous Galerkin methods is given in [22] and [21] by Larson and
Barth. In terms of a posteriori error bounds for finite volume schemes, see for example
[11, 3, 19, 29, 30, 26, 25, 10, 1, 2].

In this paper, we analyze the cell-centered finite volume scheme applied to a
convection-diffusion-reaction problem. The a posteriori estimate derived in this paper
involves variational analysis, computable residuals to measure local introduction of
error, and the generalized Green’s function solving the adjoint problem to quantify
the global effects of accumulation and propagation of error in the quantity of interest.
The resulting estimate is very accurate, even on coarse meshes. In order to use
variational analysis and the adjoint operator, we employ an equivalence between the
finite volume method and the lowest order Raviart-Thomas mixed finite method with
special quadrature derived in [28] for elliptic problems with homogeneous Dirichlet
boundary conditions. This equivalence is well-known in the finite element community,
but is apparently less well-known in the wider engineering and science communities
that employ finite volume methods. We expand the known equivalence between the
two methods to include convection-diffusion-reaction problems with nonhomogeneous
Dirichlet and Neumann boundary conditions. We then carry out the a posteriori
analysis on the lowest order Raviart-Thomas mixed method and hence derive an
error representation for the equivalent finite volume scheme.

The paper is organized as follows. In §2, we review the Raviart-Thomas mixed
finite element method for convection-diffusion problems with nonhomogeneous bound-
ary conditions. In §3, a cell-centered finite volume scheme is constructed. In §4, the
finite volume scheme is reformulated as a mixed method and the analogy between
the finite element and finite volume methods is then made. The a posterior: analysis
is performed in §5 and the accuracy of the estimates produced is demonstrated by
the numerical experiments reported in §6. We present our conclusions in §7. Some
derivations and proofs are given in §8.

2. The mixed finite element method. In the general case, we consider the
convection-diffusion-reaction problem with mixed Dirichlet-Neumann boundary con-
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ditions,

—V(an—i—ﬁp):f, iHQ,
p = gD, on I, (2.1)
—aVp-n=gn, on Iy,

where Q € RY is a convex polyhedral domain (N > 2) with boundary 9. In this
paper, for simplicity, we take { to be a unit square in R?, with Iy = {(0,y), (z,0),
z,y € [0,1]} and I'vy = 0O\Ip = {(1,¥), (z,1), =,y € [0,1]}. We can treat other com-
binations of boundary conditions in an obvious way. We assume that 3 = (3%, 3Y)"
is smooth, a(x) is bounded below by a positive number, f = f(p) € L?(Q) is Lipschitz
continuous with respect to p, gp € H'/?(I'p), gn € H~/?(Iy). Moreover, we assume
that convection coefficient 3 satisfies that |3] is sufficiently small with repect to a.
Otherwise, some form of stablization might be required.

To formulate the mixed finite element (MFE) scheme, we follow [20] and rewrite
(2.1) as a first order system by setting u = —(aVp + 8Bp) in (2.1) to obtain

alu+Vp+bp=0, inQ,
V-u=f, in Q,
P = 9D, OnFD7
u-n+3-np=gn, on Iy,

(2.2)

where b = a7 !8. We assume that p € W = L*(Q), u € V = H(div;Q) =
{v e (L*))?:divv e L*()}. Note that the Neumann boundary condition in the
original problem becomes a Robin condition in the new system. In the case of a
nonempty Neumann boundary, we introduce an auxiliary variable, the so-called La-
grange multiplier A € M = H'/?(T), see [4], to represent the pressure on Neumann
boundary edges. The variational form for the true solution is

(a‘_lu’ V)Q - (p7 V- V)Q + (bp7 V)Q + <)‘7 A\ n>FN = <9D7 A\ n>FD ’ (2'33“)
(v “u, w)Q = (fﬂ ’IU)Q, (23b)
(w-n+8-nX pp = (N, K (2.3¢)

for all (v,w, u) € (V,W,M). Here, (-, ), and (-, -)7 denote inner products on D C R?

and lower order domain v C R. Notice that if p € H'(Q), A € H'/2(Q) is simply the
trace of p on Neumann boundary. We let €2}, denote a quadrilateralization of 2. We
construct specially designed finite-dimensional subspaces on

V,CV, W, c W, M;, C M.

The finite element method is then: Compute (up, pp, An) € (Vi, Wh, M}) satisfying

(ailuhv V)Qh - (ph7 V- V)Qh + (bpha V)Qh + <)‘h> A n>1"N

=—(gp, v- 1), (2.4a)
(V-ap, w)g, = (f, w)g, (2.4b)
(wp-n+ B0, )y, = (9N, My 5 (2.4c)
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for all (v,w,pu) € (Vi, Wy, My,). Here (0, T)a, = > kcq, (0, T)k. The subscripts of
integrals over €0, are omitted unless there is ambiguity.

It is known that V;, and W), need to satisfy certain properties to guarantee
convergence. One condition is divVy, C Wj. The following space by Raviart and
Thomas is devised to meet that purpose. Before proceeding, we introduce some

notation. For a partition A of [0, 1], and for r = 0,1,2,--- ,¢ = —1,0,1,---, we
define the piecewise-polynomial space 9 (A) ={v € C9([0,1]): v is a polynomial of
degree < r on each subinterval of A}. When ¢ = —1, the functions are discontinuous.

Thus, the space of continuous piecewise bi-linear functions on the unit square is the
tensor-product space MG (A,) @ MY(A,). Let

Wy =M1 (Ar) @M1 (Ay);

Vi, = [0 (D) @ M7 (Ay)] x [ (Ag) @ MG (A)].

When r = 0, we obtain the following two spaces for the lowest order Raviart-Thomas
MFE scheme. Let W) = W} which is a space of piecewise constant functions and
V;, = V?L which is a space of vector-valued functions whose z-components are con-
tinuous linear in x and discontinuous constant in y and whose y-components are
discontinuous constant in x and continuous linear in y. In the lowest order case,
the space M}, for the Lagrange multipliers consists of piecewise constant functions on
Neumann boundary edges.

To express Galerkin orthogonality, we use the Raviart-Thomas projection on
quadrilateral elements. Denote

P oK) = ¢ p(z,y) = Z Cij iyl (z,y) € K, cij €R
i<kl;j<k2
for K € Qp. The k-th order Raviart-Thomas space is
Vir(K) = Pey1k(K) X P (K).
The k-th order Raviart-Thomas projection I, : V|x + VEL(K) is, for v € Vg,

(v —v)-n, 2), =0, YzePe), Veck, (2.5a)
(v —v, g =0, VnecVEL(K). (2.5b)

From the definition of IIj, we have that, [9], for v € V|,

(V- (Ipv—v), w)g =0, YV w € Wh|k; (2.6)
v = vlo.x < ClIVllerrxh™
IV - (av = V)llox < CIV - Vs, (2.8)
if v has the required smoothness. Here, the usual norm notation | - ||,,,p for space

H™(D) is adopted, m is an integer and D C R2. We also need the L?(Q)-projection,
P, from W to W}, with

HIP’hw — 'LUHO,K S C||w|‘k+1’th+17 VKEe Qh. (29)
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F1G. 3.1. The cell centered grid of 2.

3. A cell-centered finite volume scheme. We now introduce the grid for the
cell-centered finite volume scheme for which we partition 2 in the z- and y- directions
as

0=y <1 <Tzpp <2< <Tp_10 <Tp < Tpg12 =1

O=y1/2 <y1 <wyzjz <y2 <+ <Yo—1/2 < Yo < Ypgp1/2 = L.

We then define the cells (finite volumes) to be the rectangles K;; = (x;_1/2, Tj41/2) X
(Yj—1/2, Yj41/2), i = 1,--- ,k, j = 1,--- £ with the centers (z;, y;) and nodes of half
indices. Denote

Aziprp=2ip1 —xi i=1,--- k=1, Azy=z010—Ti_1y, i =1,k

Ayipri2=Yjr1 — Y, J=1,- L =1 Ayj=yjr12 —Yj—1/2, J =1, , L.

The discrete cell-centered finite volume mesh €2, is then defined as follows (see
Fig. 3.1),

Qh = {Kija Z:17aka ]:17a€}

In this paper, we construct the scheme and derive the analysis on a rectangular
mesh for simplicity. Some modifications are required to extend our analysis to non-
rectangular meshes.

To enforce the boundary conditions across the outer boundaries, we define the
fictitious boundary cells where the ghost values {po;, pr+1,,7 = 1,---,¢} and
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{pio, Pigs1,1=1,---  k} are defined. We set

Koj= (z-1/2, T1/2) X (Yj-1/2: Yjs1/2)
K15 = (xk+1/27 3Ck+3/2) X (yj—1/27 yj+1/2) )
Kio= (%4/27 $i+1/2) X (y71/2, yl/z);
Kios1 = (Tic1j2, Tiv12) X (Yes1/2: Yers/2) »
where i =1,--- .k, 7=1,--- £, and
T_172 = —Tzj2, Tpizjz = 2— Tip_1/2;
Y_1/2 = —Y3j2, Yers/2 = 2—Yo_1/2-

We are then able to discretize (2.1) by the following finite volume scheme

- ij (ai+1/2,j 51pi+1/2,j —Qi-1/2,5 5wpi71/2,j)

— Az (@i 1172 0yPijr1/2 = Qijj—172 OyDij—1/2)

xr A~ T A 3.1
— Ay; (lai+1/2,j Pit1/2,5 — Bi—1/2,; Pi71/2,j) (3:1)

— Ax; (52{#1/2 Pij+1/2 = B 1 ﬁi,j—l/Q) = fijAz;Ayj,

for1 <i <k, 1<j</{ Here, weuse d,p (6,p) to denote an approximation to dp/0x
(0p/0y) and p represents an approximation to the pressure in convection term. The
definitions and the derivation for this specific scheme are given in §8.1.

The scheme (3.1) agrees with the discretization of FV schemes in [6] which differs
from the classical schemes, see e.g. [17], in the way we compute the coefficients a.
Here, a takes the value at the corresponding cell boundary while in the classical
scheme it takes the harmonic average values of the adjacent cells. The a posteriori
analysis can be extended to cover the traditional scheme.

We now rewrite (3.1) in a form that can be related to the MFE scheme described
in the next section. To this end, we define

U0 = —Qit1/2,j 0aPiv1/2,5 — Biy1y2,Piv1/25, 0<i <k, 1<j</,
Yy _ Yy A .
Ui iy10 = ~igt1/20yPigr1/2 = By pPigrije, 1S0<k 05 <,

where d,p, dyp and p are defined in (8.2), (8.3) and (8.6), respectively. Using this
notation, the “mixed” form of (3.1) becomes

Uiy + Qit1/2,5 0aPit1/2,5 + /Bf+1/27jﬁi+1/2,j =0, 0<i<k,1<5<Y,

(3.2a)
Ui et Gigry2 0Py + By pbigr12 =0, 1<i<k0<j<{,
(3.2b)
Ayj (“f+1/2,j - “f—l/&j) + Az (“f,jﬂ/z - “34-1/2) = fijArily;, (3.2¢)

1<i<k1<j<{,
with the Neumann boundary condition of (8.5) becoming

Ul o+ Birije i iye = (@) ks1/2,5, (3.3a)

uzz+1/2 Jrlg?z'J,EJr1/2>‘Ez/+1/2 - (gN)ilH/?’ (3.3b)
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for 1 <i<k, 1<j <l where AV denotes edge pressure approximation on I'y.

Even though we have obtained a formulation in terms of both p, and uy, we
do not have an approximation to velocity u everywhere in the interior of each cell.
Instead, substituting the piecewise constant pressure approximation into (3.2a) and
(3.2b) provides a flux approximation, uf and uj, across the interfaces. Recall that the
lowest order Raviart-Thomas velocity is of the form P; g x Py 1, that is, z-component
being linear in x and constant in y and y-component linear in y and constant in
x. So a linear combination of fluxes uf and uj along z- or y- direction makes a
reasonable approximation to u. This is equivalent to recovering u, from uj and uj,
using the lowest order Raviart-Thomas projection (2.5). Obviously, the property of
conservation is preserved during the process.

4. Analogy between MFE and FV. We next state the analogy between the
mixed method of lowest order and cell-centered finite differences to illuminate the
connection between the FV and MFE schemes (see [28]):

LEMMA 4.1. If (up, pr,An) € Vi X Wy, x M}, satisfies (3.2) and (3.3), then it
also satisfies (2.4) in the following way

(ailuifu VI)TJ_,My + (ailuzy Vy)]\/[wTy - (ph7 V- V)

+ (0" py V) a0V pry V) a4 (Vo mdpy = = (gp, Vo)
(4.1a)

(V-up, w) = (f, wh,n,, (4.1b)

<llh ! n+/6 : n)‘hv /'l‘>e,M = <gN7 /1’>e,M7 (41C)

for any v € Vi, w e Wy, and p € My,. Here, T,(T,) and My (M,) represent trape-
zoidal and midpoint quadrature rules in x(y)- direction. With no subscript, M indi-
cates midpoint approzimation on cell edges.

A detailed proof is given in §8.2. This shows that the cell-centered FV scheme
and the lowest order Raviart-Thomas MFE scheme with the use of specific quadrature
rules are equivalent in the sense of producing the same discrete values at the centers of
the cells. The Raviart-Thomas MFE method, with a proper choice of basis functions
for up, py, and Ap, yields a linear system of the form

A B C U F
E 0 0 rl=1|¢c], (4.2)
T 0 S A L

where U, P, A are the vectors of degrees of freedom associated with uy, p, and
An, respectively. The quadrature rules have a strong impact on the linear system
corresponding to the mixed FV scheme. Since the special quadratures allow u; and
pp, variables to be decoupled, an equivalent block form of the cell-centered FV scheme

1S

A B C U F
0 D 0 P|=|G |, (4.3)
T 0 S A L

where only the sub-system DP = G is actually solved in practice. It is interesting to
compare these two systems. For an elliptic problem with no convection and diffusion
coefficient a = 1, we compute the condition numbers of the matrix of (4.2) and the
sub-matrix D of (4.3), listed in Table 4.1. The first column, grid level, indicates
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TABLE 4.1
Condition numbers and their increasing rates of F'V and MFE schemes for different mesh levels

grid FV MFE

level | cond rate | cond rate
1 1.00 — 13.00 -
2 2.00 1.00 | 28.00 1.11
3 9.00 2.17 | 68.62 1.29
4 37.26 2.05 | 165.16 1.27
5 150.26  2.01 | 378.54 1.20
6 603.05 2.00 | 883.05 1.22

the mesh size h = 1/2", n = 1,---,6. As expected, the FV scheme has a smaller
condition number than that of the MFE scheme at the same mesh level. But the
difference in the condition numbers lessens as mesh is refined.

5. An a posteriori error analysis. We now conduct an a posteriori error
analysis for the cell-centered finite volume method in (4.1), by exploiting its equivalent
representation as a mixed finite element scheme with particular quadrature rules.
First, we define the errors e, = u—uj of u, e, =p—pp of pand ey = X — Ay
of A\, where u, p and A are not known in general. We next derive the equations for
these errors by subtracting (4.1a), (4.1b) and (4.1¢) from the first, second and third
equation of (2.3) respectively, yielding

(a tew, V) — (e, V- v)+ (bey, v) + (ex, v n)n = QEL(v), Vv € Vj, (5.1a)
(V- en, w)— (mep, w) =QE2(w), Yw € Wy, (5.1b)
w1+ B e, ), =QB3(), Vi € My, (5.10)

1

where 7p.pn) = [ /(sp+ (1= s)pn) ds and Flovpn) e = £(2) ~ Flp), and QEL,
0
QE2 and QE3 are the quadrature errors defined as

QEL(v) = — (a”"up, v) + ((‘flui7 vz)TwMy + (o™ uj, Vy)]LIwTy>
= (bpn, v) + (671 v¥) 1 ag, + (BP0 V)1 17, ) (5.2)
— (@b, Vo), + {80, Vo)
QE2(w) =(f(pn), w) = (f(Pr), w)n,m,3 (5.3)
QE3(n) = ({an = (@ Mhrar) + (1802, i)y o = (B0, i) ) -

(5.4)

We now state the main result as follows:

THEOREM 5.1. Suppose ey, ey and ey satisfy the error equations (5.1) for problem
(2.1) and its finite volume scheme (3.1). For any 1, € (L*(2))? and ¢» € L?(Q),
the quantity of interests expressed as linear functionals i.e., (ep, ¥2) + (eu, ¥;) can
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be computed as follows

(ep,12) + (€u, ¥1)
={=(a "up, Py — 1 0y) — (bpn, ¢y — Indy) + (f(pn), &1 — Prod1)} (5.5)
{=(An, (b2 —nepy) -1 — B-n(p1 — Prn))p, — (N —up -0, ¢y — Propr)py,
— (gD, (2 — Inepy) - FD} + QE1(Iln¢py) + QE2(Prop1) — QE3(Prer),

where ¥, and s are solutions to the adjoint (see [15]) of (2.2) and satisfy

a_1¢2 - v¢1 = 1/117 in Qa

7v¢2 +b¢2 7f/(paph) ¢1 :7/}27 mn Qa (56)
(¢1, v-m)p =0, on I'p, Vv € H(div; Q),

(B-n¢1 — ¢y - n, w), =0, on I, Yw € HY2(9Q),

and ¢1 € HY(Q), ¢, € H(div; Q).
Proof. Using (5.1a), (5.1b), (5.1¢) and (5.6), and employing Galerkin orthogonal-
ity we have

(ep; ¥2) + (€u, 1)
(e, V- ) + (e, b b2) = (e, Ploion) 61) + (ewsa™ ) = (eu, Vo)
— (€5, V(¢ = Tlnho) + (bey, & — Thy) = (F(pipn)en: 61 — Pt )
+ (a7 eu, o — Tnpy) + (V- €u,¢1 = Prg1) — (w1, 1) 59
—(ex, Ingpy - m)p + QEL(IIh5) + QE2(Pron),
where IIj, and P, are defined as in (2.5) and (2.9), respectively. Hence

(€p,12) + (€, 1)
= {(a_lua $y — Hh¢2> = (1, V- (¢ — I1nhy)) + (bp, ¢y — Hh¢2)}
+ {(V ‘u,¢1 — Proy) — (f'(]?aph)ep,éf)l - Phéf)l)}
F{n, V- (¢ = nepy)) = (V- up, 1 — Pro1)}
- (a_luh>¢2 —nepy) — (bpp, ¢y — i)
—(eu ' m, ¢1)p0 — (e, gy - n>rN
+ QE1(I1npy) + QE2(Pr1).
By the property of ITj, (2.6), and the definition of Py, the items in the third bracket
vanish. To simplify the terms in the first two brackets, we use (2.4a) and (2.4b) and
the definition of f’(p, pn)ep, so that the error representation formula becomes
(ep,v2) + (eu, ¥)
= {_ (A, (@g — 1Tngpy) - n>FN — (oD, (o — Inop,) - > — (ex, [po, - n>
—(eu m, d1)y0 }
— (a "up, ¢y — pedy) — (bpp, ¢y — Hinedy) + (F(pn), ¢1 — Prn)

+ QE1(Ih o) + QE2(Pro1)
= I+4I1+41II




where

I=—(\ (¢ —TTnpy) - n>rN — (gD, (¢g — TIney) - n>1"D —(ex, ¢, 'n>rN
— (ew 1, 61)pq
II=— (a "up, @y — Inpy) — (bpn, ¢y — nedy) + (f(pn), ¢1 — Prchr)
I = QE1(I1,¢5) + QE2(Preb).

The terms in II represent the computable residual error of the mixed formulation
approximate while III contains two quadrature errors expressions that can be approx-
imated. The terms in I which all lie on the boundary may be analyzed further by
expanding as

I=— (X (¢ —ngy) -m)p, — (ex, lnedy - m)py — (eu - m, d1)p,
— (ey - n, ¢1>FN — (oD, (2 — [Ingpy) - n>1"D
= {</\’ Py - n>rN + (u-n, ¢1>FN} + (A, Oy, - n>rN + (up - n, ¢1>FN
— (oD, (¢ — pepy) - n>FD
=—{(gn —up -1, <Z51>FN + (An, Iy - n>rN — (gD, (¢, — 1 ,) 'n>rD )

where we have used the adjoint boundary conditions. The third quadrature error QE3
can be extracted from the first two terms in the last equation, since

—(gn —w, - m, ¢1)p + (A, Hngpy - m)p
=—(oxn —up - n, o1 — Prdi)p, — (B nAp, Prdi)p, + (A, Hngpy - m)p
— QE3(Pr¢n)
=—(on —up - m, 1 — Pugi)p, + Ay (Hngpy — o) -n— B - n(Pro1 — é1))py,
— QE3(Pr¢n),

using (4.1c¢) and then applying the Neumann boundary condition of the adjoint prob-
lem. We thus obtain the error representation (5.5) with respect to the adjoint data

’(bl and 77[}2. |

The following remarks highlight some of the features of this estimate:

Remark 1. The two expressions in braces in (5.5) together represent the contribution
to the error arising from the finite element approximation. The last three expressions
are quadrature errors, which represent the contribution to the error arising from
discrete sampling of the differential operators. Due to the fact that II,¢, - njox and

10



Pro1|k, K € Qp, are constant, the quadrature errors can be written as

QE1(p o) = Z /K [a‘luﬁ(ﬂhqbz)f” - (a_lufl(l_[hq&Q)z)TzMJ dzdy

KeQy

-y /K |0 ) (M y)” — (o™ 0] (TMapy)") . | dody

KeQ,
=X [ R - th 027 | pdedy )
KeQ,
-y / (11)? — (b (I3)") g, | o ey
KeQy,
- — Lgp) Iy, - nds,
K% /¢9KﬂI‘D (gD op) ¢, - nds
F2Pri) = Y / (f = Ly /) Py dady, (5.8)
KeQ,

@)= 3 [ (v ~LaPur = (Bon LB n)NPunds. (59)

eceln

where Iy and I, are the midpoint interpolant operators in one and two dimensions,
respectively.

Remark 2. There is an essential difference between the part of the estimate that
represents the effects of seeking a solution in a finite dimensional space, which can
be viewed as the discretization component of the estimate, and the quadrature error
terms, which represent the effect of sampling the differential operator at a finite set of
points. Galerkin orthogonality holds only for the former, as evidenced by the adjoint
factors consisting of the difference between the adjoint solution and its projection
into the finite element spaces. It is simple to construct examples in which either
component is dominant. We illustrate this in the examples of §6.

Remark 3. We now present an example to illustrate the connections between the
adjoint solution and the given adjoint data. Given a forward problem with a = 1, f
linear and Ty = ), we choose 1), = 0 and 2 to be

by = 1, if Jx +y—1] <0.05,
> 7)o, if|lz+y—1]>0.05.

The contours of the corresponding solutions ¢, and integral curves of ¢, are plotted in
Fig. 5.1. In the left figure, ¢; vanishes on the boundary due to the Dirichlet boundary
condition specified in the forward problem. The distribution of larger values on the
region around the strip |« + y — 1| < 0.05 indicates that the error in the quantity of
interest is most affected by the discretization error, as reflected by the residual, and
quadrature error on that region.

Remark 4. To use (5.5) to compute an estimate, we need to solve the adjoint problem
numerically. Given the Galerkin orthogonality, the method used for the adjoint solu-
tion must not lie in the finite element space used for the forward problem. In fact, we
essentially need to recover derivative information from the adjoint solution. In prac-
tice, we can either use a higher order method, e.g. piecewise quadratic, continuous

11



F1c. 5.1. Contour plot of ¢1 (left) and integral curves of ¢, (Tight) for the adjoint problem with
a=1, B=0, f being linear, ¥y = 0 and 2 = 1 on the strip |x +y — 1| < 0.05 and 0 otherwise.

elements, or use the same method but computed on a finer mesh. In this paper, we
solve the adjoint problem with the second order Raviart-Thomas mixed finite element
method on the same mesh used for the primary computation. Specifically, the finite
element spaces for the adjoint problem are taken to be

Vh,adj = {V S H(diV;Q),V|K c P271(K) X P172(K), VK € Q},

Whaaj = {w € L*(Q),w|x € P(K), VK € Q},
and

Mh,adj = {w S H1/2(FN),/,L|5 S Pl(e), Vec FN}

To enforce normal continuity of elements in 'V, 4q; across interior interfaces, we pick
basis functions on a unit reference cell [0, 1] x [0, 1] as follows:

(o) (o)) ) 0 )07 ),
(20)C5) Lot ) () Gt ) (a0 )

The discrete weak formulations in (2.4) are then applied on (Vi adj, Whadjs Mh,ad;)
to obtain approximations to ¢; and ¢,. Finally, we project the approximations to
the finite volume spaces by P}, and II;, to acquire approximations to Pn¢; and I, ¢,.

6. Numerical tests. In this section, we demonstrate the equivalence of solu-
tions to a cell-centered FV scheme and the MFE scheme with the special choice of
quadrature and the accuracy of the a posteriori estimates using two examples. The
quantity of interest is taken to be the average error e, over €2, which is obtained by
choosing 1; = 0 and 2 = 1 in adjoint problem (5.6). Based on the discussions in
Remark 4 of §5, we solve the adjoin problem on the same mesh used for the primary

12



TABLE 6.1
Convergence of the cell-centered F'V and MFE methods.

grid llepy oo llewy lloo lepn ™ lloo lewn™ oo
level error order | error order | error order | error order
1 .25e-2 45e-4 .25e-2 45e-4 -

2 .63e-3  2.00 | .20e-4 1.13 | .63e-3 2.00 | .20e-4 1.13

3 .16e-3  2.00 | .63e-5 1.71 | .16e-3 2.00 | .63e-5 1.71

4 394 2.00 | .17e-5 1.87 | .39e-4 2.00 | .17e-5  1.87

5 98e-5  2.00 | .45e-6 1.94 | .98e-5 2.00 | .45e-6 1.94

6 24e-5  2.00 | .11le-6  1.97 | .24e-5 2.00 | .11le-6 1.97
TABLE 6.2

Effectivity ratio, v, and ratio of residual errors and quadrature errors.

grid level v Discrete./Quad.
1 1.0004 -.33e-3
2 1.0001 -.18e-2
3 1.0000 -.22¢-2
4 1.0000 -.23e-2
) 1.0000 -.23e-2
6 1.0000 -.23e-2

computation but using the next higher order mixed finite element method so that
we can evaluate the projection into the finite element space for the primary problem
accurately. To evaluate the quadrature error expressions, we use a high order Gauss
quadrature rule.

In the first test, @ = 1, B = 0 and f are chosen and boundary conditions
Ib = {0} x[0,1]U{1} x [0,1], Ix = Q\Ip are imposed so that the true solution is

p(z,y) = exp{—0.01 x ((z —0.2)* + (y + 0.8)*)} .

In Table (6.1), we list L°°- errors and convergence orders of two methods. The
optimal order of 2 is observed. Notice also that two methods give exactly the same
errors at different mesh levels. In Table (6.2), we include the effectivity ratio v,
a ratio defined as the error estimate/exact error, and a ratio of the discretization
error and quadrature error components. In this example, the residual and quadrature
errors both contribute to the total estimate, but the fact that the exact solution is
very smooth leads to the discretization error component being much smaller than the
quadrature error component.

In the second test problem, we choose a = 2 + sin(3wx) cos(3ny), B8 = (l.e —
4)(1,1) T, boundary conditions Iy = {1} x [0,1] U [0,1] x {1}, Ix = Q\ I'p, which
has true solution p(x,y) = ° + 4y®. The L>- errors and convergence orders are
listed in Table (6.3), and error ratios and effectivity ratio v are listed in Table (6.4).
In this example, the discretization error is the dominant error.

We note that computing accurate estimates depends strongly on accounting for
the effects of cancellation and propagation of error throughout the domain. We
illustrate in the following simple example on a unit square. The diffusion coeffi-
cient is taken to be 1 with Dirichlet boundary conditions and the true solution is

13



TABLE 6.3
Convergence of the cell-centered F'V and MFE methods.

grid llepy lloo e [l llep ™ lloo llemn ™ lloo
level error order error order error order error order
1 24e+1 - .35e+1 - 24e+1 - .35e+1 -

87e+0 148 | .95e+1 -1.43 | .87e+0 1.48 | .95e+1 -1.43
19e+0 218 | .23e+1  2.04 | .19e+0 2.18 | .23e+1 2.04
.53e-1 1.86 | .94e4+0 1.29 | .53e-1 1.86 | .94e+0 1.29
.13e-1 1.99 | 33e+0 1.50 | .13e-1 1.99 | .33e+0 1.50
33e-2 2.00 | .95e-1 1.81 33e-2 2.00 | .95e-1 1.81

DD O = W N

TABLE 6.4
Effectivity ratio, v, and ratio of residual errors and quadrature errors.

grid level v Discrete./Quad.
1 1.0722 -.17e+00
2 1.5515 -.44e4-00
3 0.9355 .53e+4-01
4 0.9841 .7le+01
5 0.9954 .78e+01
6 0.9964 .79e+01

p(z,y) = sin(77x) sin(77y). In Table. 6.5, we compare the estimate and a bound ob-
tained by taking absolute values on each cell and then summing over the domain. As
the mesh is refined and hence more cancelation occurs, the estimate is much smaller
than the bound.

7. Conclusions. We have derived an a posteriori error estimate for a cell-
centered F'V scheme for convection-diffusion-reaction problems. The analysis is based
on an equivalence relation between the cell-centered FV scheme and the lowest or-
der Raviart-Thomas MFE. To obtain accurate error estimates, we first rewrite the
cell-centered FV scheme as a mixed variational formulation with certain numerical
quadrature rules. We then carry out a standard adjoint-based analysis for the resul-
tant mixed formulation. The estimate consists of residual errors from finite element
approximation and quadrature errors. Numerical examples are presented which con-
firm the equivalence of the two numerical schemes and the accuracy of the a posteriori
estimate.

8. Details of the analysis.
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TABLE 6.5

Estimator in (5.5) and a bound obtained by taking absolute values of terms on each cell and
then summing over the domain.

grid level estimator bound
1 -0.1096e+3 | 0.1096e+3
2 -0.3020e+2 | 0.3020e+2
3 -0.2201e+2 | 0.2201e+2
4 -0.2453e-1 | 0.4486e+1
5 -0.3167e-2 | 0.2082e+1
6 -0.6828e-3 | 0.6234e+0

8.1. Derivation of the cell-centered finite volume scheme. Using the di-
vergence theorem to integrate the first equation of (2.1) over “volume” Kj;;, we find

Yj+1/2 Yj+1/2
—/ a(Tiy1/2,Y)Pe(Tiz1/2,Y) dy+/ a(Ti—1/2,Y)Pz(Ti—1/2,y) dy

Yj—1/2 Yj—1/2

Tit1/2 Tit1/2

—/ a(%i‘/j+1/2)?y($ayj+1/2)d=73+/ a(w,yj_1/2)py (T, y;_1/2)dr  (8.1)
Ti—1/2 Ti—1/2
Tiy1/2 Yj+1/2 Tit1/2 Yj+1/2

- / / (8" p), + (B'p), dedy = / / f(p(z,y)) dedy.
Ti—1/2 YYj—1/2 Ti—1/2 YYj—1/2

The right hand side can be approximated by f;;Ax;Ay; = f(p(x;, y;))Ax;Ay;, where
fij is the value of f at (z;, y;).
Since the first four terms on the left hand side can be treated in a similar fashion,

we only show the procedure for approximating the first integral on interior cells which
is

Yj+1/2 Yj+1/2 . — .
p(zit1,y) — p(xi,y)
/ a(fﬂi+1/2,y)pm(%‘+1/2,y) dy ~ / a($i+1/27y) ‘ A7 ‘ dy
Yj—1/2 Yj—1/2 Lit1/2
Pit1j — Pij
~ a(JCiJrl/m?/j)il—Ir . ”ij-

AiCz’+1/2

Note that we have made two approximations at this step. Firstly, a piecewise constant
approximation to the y-dependence of a(z,y). Along each volume boundary we have
replaced a(z;41/2,y) by the midpoint (in y) value a(z;41/2,¥;). Secondly, we have
made a linear approximation to the z-dependence of p. If we denote the approximation

to Pz (Tit1/2,Y5) s 6zpiy1/2,; and the approximation to py (x4, y;41/2) as 0yDi j+1/2,
then we have

_ Pit+1,5 —Pij

Dij+1 — Pij
5a;pi+1/2,j— Ax-_H/g _ Dij 1,5
(2

and 6ypi,j+1/2 = Ayv+1/2 (82)
J

on interior cells. We will extend this definition to cells adjacent to the outer boundary
following the discussion of boundary conditions.
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For a uniform mesh, the convection term is approximated as

Tit1/2 Yj+1/2 N
/ / (B°p), +(BYp), dzdy

i—1/2 YYj—1/2

Yj+1/2 Tit1/2 . Tit1/2 Yj+1/2
= [ ey [T [T @ an) ao
Yj—1/2 Ti—1/2 Ti—1/2 Yj—1/2

Yj+1/2
- / (8°D) (is12 ) — (B°D) (@i1)2,) dy
Y

j—1/2

Tit1/2
+/ (BYp) (%, yj41/2) — (BYp) (2,Yj-1/2) dz

i—1/2
~ Ay; <5f+1/2,j ﬁi+1/2,j - ﬁf—1/2,j ﬁi—l/z,j)
+ Ax; (,3?,]4“/2 Dij+1/2 — ﬂZj_l/Q ﬁi,j71/2> ;

where p represents the approximation to the pressure on cell edges and is defined in
(8.3). In the above formulation we make a piecewise constant approximation to 3%
in direction y and a piecewise constant approximation to 3Y in direction x. Here p is
defined as

Dij—1/2 = p‘i’jfil; Pii 1<i<k 2<j<y¢,
R Pi—1,5 T Di,j . .
iy = LI TP ik 1<<,
Pi—1/2,j 2 S >) > (83)

Pr/2,; = Plj> DPrt1/2 = Pry, 1<J <4,

Pinj2 = Pils  Digs1j2 = pig, 1<i<k.
That is, if an edge is interior to the domain, p is the average of pressure approximation
in its adjacent cells in the case of uniform mesh. (Otherwise, average weighted by the
sizes of neighbor cells is required). If an edge is on the outer boundary, p is the value
of the pressure approximation in the cell to which the edge belongs.
To enforce the boundary conditions, a standard approach is to make use of ghost
cells with ghost values defined as

Po,j; = 2(9D)1/2,j — P15, DPio = 2(9D)i,1/2 — Di1,
Pk+1,j — Pk.j

—Qpy1y25— o = (ON)kt1/2,4

+1/2,5 A$k+1/2 /2:31 (8.4)
Pig+1 — Die

A.Uz+1/2

where 1 <¢ <k, 1<j </ Theterms Axj /o and Ay 1/, are defined due to the
existence of ghost cells. An equivalent formulation to introducing ghost cells along
I'v is to introduce edge pressure approximation AFV, which is constant and satisfies
that, for 1 <i<k,1<j<¥,

= Qi 04+1/2 = (EN)i,tz+1/27

FV )
)‘k+1/2,j — Pk,j

- ak+1/2,jm = (9N)k+1/2,ja

—q 7)\5}“/27%’6 = (gn);
i0+1/2 (Ayz+1/2/2) = (BN )i, e+1/2-
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We see that the edge pressure approximation AFV is the average of the pressure in
the adjacent cell and the pressure in the ghost cell defined by (8.4). This alternative
auxiliary variable is used to facilitate comparison of boundary conditions between
mixed finite element and finite volume methods in Section 4. With this notation, we
now complete the definitions of §,p and §,p as

)\FV

p1,; — (8D)1/2,5 k412, — Pk ‘
Ox = 20§, = —t2 = 1< 5<Y,
P1/2,j Ax1/2/2 Prk+1/2,j Axk+1/2/2 7>
(8.6)
FV
pi1 — (8D)i1/2 Ai o+1/2 — Pie .
5D = 2 S = /s 1<i<k.
pre Ayyy2/2 R NP

Combining all above results, we obtain (3.1).

8.2. Proof of Lemma 4.1. We first observe that, for piecewise polynomial
spaces introduced in Section 2,

My(As) = {87112 0 i< kY 87y p(Teriye) = duss

m’ (A, = (e 1<i<k}: tip@) =1 ifw,_ 1 <x <zipis;
Mo(Ay) = {815 0S5 < s Yy p(Werry2) = Gjes

m?,(A,) = {tﬁl/z 1< <t} tgﬂ/g(l/) =1, ifyj_1/20 <y <Yjs1/2-

Here, s represents piecewise linear function while ¢ represents piecewise constant func-
tion. Note that s are scaled so as to be one at volume boundaries, not at the mid-
points. Denote uy ;11/2; = Un(Tiy1/2,y;) and pri; = pr(ws,y;). The analysis is
made according to three parts as follows.

I) Equation (2.4b) and (3.2¢) : For equation (3.2¢) with u; and py

x x Y —
Whit1/2, ~ Yhi-1/2, Mhigri2 T Yhig-1/2

Ax; Ay, Az, + Az; Ay, Ay, = fiAziAy;,
ouy ou?
both - and Tyh are constants on each volume, so we have
Tit1/2  (Yj+1/2 ou® ou?
/ / V-uy dyde = Ax; Ay; i + A:Eiij—h.
Ti—172 JYj—1/2 Ox y
Hence, for any w € Wy,
(V-up, w) = (f, W, (8.7)

This corresponds to equation (2.4b) for the lowest order Raviart-Thomas mixed finite
element scheme. Here, M, and M, are midpoint quadratures in x- and y- directions.
We also denote the trapezoidal quadratures in x- and y-directions by T, and T,
respectively.

IT) Equation (2.4a) and (3.2a), (3.2b) for interior cells : Multiplying (3.2a) in

terms of uy, and p; by %(Aaﬁi + A:ciH)ija;rll/z’j = AmiH/Qija;rll/z}j, we obtain
1 -1
3 (Az; + Awip1) Ay; (aig12,5) Wy 105 — AYj (Phyij — Phiti,))
Dh,i+1,j T Phi,j
+bii10,; ot St j2 £ A4y = 0.
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For a test function v = (sf+1/2tjy.+1/2, tf+1/2sg+1/2) with

5?—&-1/2 € m(l)(Ar)7 tg+1/2 € mgl(Ay)a
tf—&-l/Q € m(ll(Ar)v Sg+1/2 € mé(Ay)v

the above equation can be written as

0 .

—1..x p

(a uj,, Sf+1/2 t§{+1/2)T M (Ph, or (3f+1/2 tf+1/2)>
x My

+ (bzph’ S;E-i-l/2 t?+1/2)TmMu -0

since both uj and (s7, s2tin /2) are functions that are continuous linear in « and dis-

. . . . @ T Y . . . . .
continuous piecewise constant in y and Ba (si 172 tj 1 /2) is discontinuous piecewise

constant in x and y. Recall that p;, is piecewise constant.

Similarly, from (3.2b) we have

0

-1

(a uj, tf+1/2 Sngl/g)M . (Ph» 87y (tfﬂ/z Sgﬂ/z))
zly

+ (b g shing) =0

Summing the two equations, we obtain

(e uf, vm)TzMy + (a_lu%,vy)MzTy — (pn,V-v)

+ (b*pp, v‘”)TmMy + (bYpp, vy)MmTy =0, VvevV, (88)

IIT) Cells adjacent to the boundary : We compare (2.4a) and (3.2a), (3.2b)
and compare (2.4c) and (3.3) in cells adjacent to the boundaries.
Neumann boundary: On a Neumann boundary edge e, (3.3) can be written as

<uh ‘n+p- n)\FV7 'u>e,M = <gNa :u>e7Ma VM € P0(6)7 (89)

which corresponds to (2.4c). The subscript M indicates integration using the midpoint
rule on a 1-D domain.

Consider a cell with an edge e along one of the Neumann boundaries, i.e., Ky 1/2 ;
or K; g1/ for some 1 < j</forl<i<k Ifeec Ky, multiplying (3.2a) at
1=k by %(Amk+1/2)ija];-1-1/2,j = %Axkija;il/Q,j, we obtain

1 _ 1
§aki1/2,jumh,k+1/2,jAﬂfk+1/2ij — PhrjAY; + §b;f+1/2,jph,k,jﬁwk+1/2ij

FV
+ Mit1/2,;8y; = 0.
For test function v = (s, o, t5, 1/ s¥) T, this can be rewritten as
—1..x T ov* T x FV T T
(e tuf, v )TzMy — (P + (0"ph, V)1 a, + A"V, v’n >FN =0. (8.10)
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Dirichlet boundary: Similarly, for cells containing an edge along one of the Dirich-

let boundaries, e.g., e = (z;-1/2, Tit1/2) X {yl/g}, we derive

— 8vy 1 1
(@) g, = (0 G ) 0 V), = g Vi) (51)

Collating (8.8), (8.10) and (8.11), we obtain a weak formulation for the finite
volume method in the form of (2.3a), namely

(a™ uf, Vx)T»pMu + (a7 uy, vy)MmT,, — (pn, V-v) + (A v n).

N
+ (b” pn, VI)TmMy + (bY pa, Vy)MT,Ty = —(gp, v~ n>rD,M~ (8.12)
It is easy to verify that AFY on Neumann boundary edges plays the same role as the

Lagrange multiplier )\, in the mixed finite element method. From now on, we abuse
the notation of AFY and Ay,.

Collecting all the terms, we obtain (4.1), which is an equivalent mixed finite
element method for finite volume scheme (3.1).
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